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Calculus and the
Architecture of Curves

Image not available due to copyright restrictions

The cover photograph shows

the Walt Disney Concert Hall

in Los Angeles, designed and
built 1992-2003 by Frank Gehry
and Associates. It is a daring
building, a layered composition
of curved surfaces in the form of
billowing sails with brushed stain-
less steel cladding.

The highly complex structures that Frank
Gehry designs would be impossible to build with-
out the computer. The CATIA software that his
architects and engineers use to produce the com- . . .

. L Images not available due to copyright restrictions
puter models is based on principles of calculus—
fitting curves by matching tangent lines, making
sure the curvature isn’t too large, and control-
ling parametric surfaces. “Consequently,” says
Gehry, “we have a lot of freedom. I can play
with shapes.”

The process starts with Gehry’s initial sketches, which are translated
into a succession of physical models. (Hundreds of different physical
models were constructed during the design of the building, first with
basic wooden blocks and then evolving into more sculptural forms.)

Then an engineer uses a digitizer to record the coordinates of a series
of points on a physical model. The digitized points are fed into a
computer and the CATIA software is used to link these points with
smooth curves. (It joins curves so that their tangent lines coincide.)
The architect has considerable freedom in creating these curves, guided
by displays of the curve, its derivative, and its curvature. Then the
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curves are connected to each other by a parametric
surface, and again the architect can do so in many
possible ways with the guidance of displays of the geo-
metric characteristics of the surface.

The CATIA model is then used to produce another

physical model, which, in turn, suggests modifications

and leads to additional computer and physical models.

The CATIA program was developed in France
by Dassault Systémes, originally for designing
airplanes, and was subsequently employed in the
automotive industry. Frank Gehry, because of his
complex sculptural shapes, is the first to use it in
architecture. It helps him answer his question,

“How wiggly can you get and still make a building?”
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Preface

When the first edition of this book appeared eight years ago, a heated debate about
calculus reform was taking place. Such issues as the use of technology, the relevance
of rigor, and the role of discovery versus that of drill were causing deep splits in math-
ematics departments. Since then the rhetoric has calmed down somewhat as reform-
ers and traditionalists have realized that they have a common goal: to enable students
to understand and appreciate calculus.

The first and second editions were intended to be a synthesis of reform and tradi-
tional approaches to calculus instruction. In this third edition I continue to follow that
path by emphasizing conceptual understanding through visual, numerical, and alge-
braic approaches.

:: What’s New in the Third Edition

By way of preparing to write the third edition of this text, I spent a year teaching cal-
culus at the University of Toronto. I listened carefully to my students’ questions and
my colleagues’ suggestions. And as I prepared each lecture I sometimes realized that
an additional example was needed, or a sentence could be clarified, or a section could
use a few more exercises of a certain type. In addition, I paid attention to the sugges-
tions sent to me by many users and to the comments of the reviewers.

Many hundreds of improvements, large and small, have been incorporated into this
edition. Here are some of them.

m Many examples have been added or changed.

m Extra steps have been provided in some of the existing examples.

4

The data in examples and exercises have been updated to be more timely.

m More than 25% of the exercises in each chapter are new. Here are a few of my

favorites:
Exercise Page Exercise Page Exercise Page
8.4.36 593 8.6.37-38 605 8.9.22 628
10.1.37-38 701 11.4.38 779 11.5.36 787




N
.m Features

PREFACE m  xi

m New phrases and margin notes have been added to clarify the exposition.
% A number of pieces of art have been redrawn.

m I’ve also added new problems to the Focus on Problem Solving sections. See,
for instance, Problems 14 and 16 on page 635.

m Two new projects have been added. The project on page 617 shows how
computer algebra systems use Taylor series to compute limits, and the project
on page 675 shows how computer graphics programmers use clipping planes
and hidden line rendering to portray three-dimensional objects on a two-
dimensional screen.

% The CD called Tools for Enriching Calculus (TEC) has been completely
redesigned and now includes what we call Visuals, brief animations of various
figures in the text. In addition there are now Visuals, Modules, and Homework
Hints for the multivariable chapters. See the description on page xiii.

» The symbol has been placed beside examples (an average of three per
section) for which there are videos of instructors explaining the example in
more detail. These videos are free to adopters. This material is also included
on an Interactive VideoSkillbuilder CD. See the description of the Interactive
Video Skillbuilder on page xiii.

m Conscious of the need to control the size of the book, I've put new topics
(as well as expanded coverage of some topics already in the book) on the
revamped web site www.stewartcalculus.com rather than in the text itself.
(See the list of additional topics in the description of the web site on page
xvii.) As a result, the number of pages in the text is actually a bit less than in
the second edition.

Conceptual Exercises

Graded Exercise Sets

Real-World Data

The most important way to foster conceptual understanding is through the problems
that we assign. To that end I have devised various types of problems. Some exercise
sets begin with requests to explain the meanings of the basic concepts of the section.
(See, for instance, the first couple of exercises in Sections 8.2, 11.2, and 11.3. I often
use them as a basis for classroom discussions.) Similarly, review sections begin with
a Concept Check and a True-False Quiz. Other exercises test conceptual understand-
ing through graphs or tables (see Exercises 8.7.2, 10.2.1-2, 10.3.27-33, 11.1.1-2,
11.1.9-14, 11.3.3-8, 11.6.1-2, 11.7.3-4, 12.1.5-10, 13.1.11-18, 13.2.15-16, and
13.3.1-2).

Each exercise set is carefully graded, progressing from basic conceptual exercises and
skill-development problems to more challenging problems involving applications and
proofs.

My assistants and I have spent a great deal of time looking in libraries, contacting
companies and government agencies, and searching the Internet for interesting real-
world data to introduce, motivate, and illustrate the concepts of calculus. As a result,
many of the examples and exercises deal with functions defined by such numerical
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PREFACE

Projects

Problem Solving

Technology

data or graphs. For instance, functions of two variables are illustrated by a table of
values of wave heights (Example 3 in Section 9.6) and by a table of values of the
wind-chill index as a function of air temperature and wind speed (Example 1 in Sec-
tion 11.1). Partial derivatives are introduced in Section 11.3 by examining a column
in a table of values of the heat index (perceived air temperature) as a function of the
actual temperature and the relative humidity. This example is pursued further in con-
nection with linear approximations (Example 3 in Section 11.4). Directional deriva-
tives are introduced in Section 11.6 by using a temperature contour map to estimate
the rate of change of temperature at Reno in the direction of Las Vegas. Double inte-
grals are used to estimate the average snowfall in Colorado on December 24, 1982
(Example 4 in Section 12.1). Vector fields are introduced in Section 13.1 by depictions
of actual velocity vector fields showing San Francisco Bay wind patterns.

One way of involving students and making them active learners is to have them work
(perhaps in groups) on extended projects that give a feeling of substantial accom-
plishment when completed. Applied Projects involve applications that are designed
to appeal to the imagination of students. The project after Section 11.8 uses Lagrange
multipliers to determine the masses of the three stages of a rocket so as to minimize
the total mass while enabling the rocket to reach a desired velocity. Discovery Projects
explore aspects of geometry: tetrahedra (after Section 9.4), hyperspheres (after Sec-
tion 12.7), and intersections of three cylinders (after Section 12.8). The Laboratory
Project on page 690 uses technology to discover how interesting the shapes of sur-
faces can be and how these shapes evolve as the parameters change in a family. The
Writing Project on page 965 explores the historical and physical origins of Green’s
Theorem and Stokes” Theorem and the interactions of the three men involved. Many
additional projects are provided in the Instructor’s Guide.

Students usually have difficulties with problems for which there is no single well-
defined procedure for obtaining the answer. I think nobody has improved very much
on George Polya’s four-stage problem-solving strategy and, accordingly, I have
included a version of his problem-solving principles at the end of Chapter 1. They are
applied, both explicitly and implicitly, throughout the book. After the other chapters I
have placed sections called Focus on Problem Solving, which feature examples of how
to tackle challenging calculus problems. In selecting the varied problems for these
sections I kept in mind the following advice from David Hilbert: “A mathemati-cal
problem should be difficult in order to entice us, yet not inaccessible lest it mock our
efforts.” When I put these challenging problems on assignments and tests I grade them
in a different way. Here I reward a student significantly for ideas toward a solution and
for recognizing which problem-solving principles are relevant.

The availability of technology makes it not less important but more important to
understand clearly the concepts that underlie the images on the screen. But, when
properly used, graphing calculators and computers are powerful tools for discovering
and understanding those concepts. I assume that the student has access to either a
graphing calculator or a computer algebra system. The icon 4 indicates an exercise
that definitely requires the use of such technology, but that is not to say that a graph-
ing device can’t be used on the other exercises as well. The symbol is reserved for
problems in which the full resources of a computer algebra system (like Derive,
Maple, Mathematica, or the TI-89/92) are required. But technology doesn’t make pen-
cil and paper obsolete. Hand calculation and sketches are often preferable to technol-
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ogy for illustrating and reinforcing some concepts. Both instructors and students need
to develop the ability to decide where the hand or the machine is appropriate.

The CD-ROM called TEC is a companion to the text and is intended to enrich and
complement its contents. Developed by Harvey Keynes, Dan Clegg, Hubert Hohn,
and myself, TEC uses a discovery and exploratory approach. In sections of the book
where technology is particularly appropriate, marginal icons direct students to TEC
Visuals and Modules that provide a laboratory environment in which they can explore
the topic in different ways and at different levels. Visuals are animations of figures in
the text; Modules are more elaborate activities and include exercises. Instructors can
choose to become involved at several different levels, ranging from simply encourag-
ing students to use the Visuals and Modules for independent exploration, to assigning
specific exercises from those included with each Module, or to creating additional
exercises, labs, and projects that make use of the Visuals and Modules.

TEC also includes Homework Hints for representative exercises (usually odd-
numbered) in every section of the text, indicated by printing the exercise number in
red. These hints are usually presented in the form of questions and try to imitate an
effective teaching assistant by functioning as a silent tutor. They are constructed so as
not to reveal any more of the actual solution than is minimally necessary to make fur-
ther progress.

The Interactive Video Skillbuilder CD-ROM contains more than eight hours of video
instruction. The problems worked during each video lesson are shown next to the
viewing screen so that students can try working them before watching the solution. To
help students evaluate their progress, each section contains a ten-question Web quiz
(the results of which can be emailed to the instructor) and each chapter contains a chap-
ter test, with answers to each problem.

This has been renovated and now includes the following.

o Algebra Review
o Lies My Calculator and Computer Told Me

o History of Mathematics, with links to the better historical web sites

o Additional Topics (complete with exercise sets): Trigonometric Integrals,
Trigonometric Substitution, Strategy for Integration, Volumes by Cylindrical
Shells, Strategy for Testing Series, Fourier Series, Formulas for the Remainder
Term in Taylor Series, Linear Differential Equations, Second-Order Linear
Differential Equations, Nonhomogeneous Linear Equations, Applications of
Second-Order Differential Equations, Using Series to Solve Differential Equa-
tions, Rotation of Axes

o Links, for each chapter, to outside Web resources

o Archived Problems (drill exercises that appeared in previous editions,
together with their solutions)

© Challenge Problems (some from the Focus on Problem Solving sections of
prior editions)

o Downloadable versions of CalcLabs for Derive and TI graphing calculators
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Chapter 8

Chapter 9

Chapter 10

Chapter 11

Chapter 12

Chapter 13

Infinite Sequences and Series

Tests for the convergence of series are considered briefly, with intuitive rather than
formal justifications. Numerical estimates of sums of series are based on which test
was used to prove convergence. The emphasis is on Taylor series and polynomials and
their applications to physics. Error estimates include those from graphing devices.

Vectors and the Geometry of Space

The dot product and cross product of vectors are given geometric definitions, moti-
vated by work and torque, before the algebraic expressions are deduced. To facilitate
the discussion of surfaces, functions of two variables and their graphs are introduced
here.

Vector Functions

The calculus of vector functions is used to prove Kepler’s First Law of planetary
motion, with the proofs of the other laws left as a project. In keeping with the intro-
duction of parametric curves in Chapter 1, parametric surfaces are introduced as soon
as possible, namely, in this chapter. I think an early familiarity with such surfaces
is desirable, especially with the capability of computers to produce their graphs. Then
tangent planes and areas of parametric surfaces can be discussed in Sections 11.4
and 12.6.

Partial Derivatives

Functions of two or more variables are studied from verbal, numerical, visual, and
algebraic points of view. In particular, I introduce partial derivatives by looking at a
specific column in a table of values of the heat index (perceived air temperature) as a
function of the actual temperature and the relative humidity. Directional derivatives
are estimated from contour maps of temperature, pressure, and snowfall.

Multiple Integrals

Contour maps and the Midpoint Rule are used to estimate the average snowfall and
average temperature in given regions. Double and triple integrals are used to compute
probabilities, areas of parametric surfaces, volumes of hyperspheres, and the volume
of intersection of three cylinders.

Vector Fields

Vector fields are introduced through pictures of velocity fields showing San Francisco
Bay wind patterns. The similarities among the Fundamental Theorem for line integrals,
Green’s Theorem, Stokes’ Theorem, and the Divergence Theorem are emphasized.

Multivariable Calculus: Concepts and Contexts, Third Edition, is supported by a com-
plete set of ancillaries developed under my direction. Each piece has been designed to
enhance student understanding and to facilitate creative instruction. The table on
pages xv and xvi lists ancillaries available for instructors and students.
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=m Resources for Instructors

Instructor’s Resource (D-ROM

ISBN 0-534-41021-9
Contains Electronic Instructor’s Guide, Resource Integra-
tion Guide, iLrn Testing, Instructions for iLrn Homework,
and Power Point Lecture notes.

‘e Tools for Enriching™ Calculus CD-ROM
s]: E ' by James Stewart and Dan Clegg
ISBN 0-534-40989-X

Completely revised and updated, TEC provides a laboratory
environment in which students can explore selected topics.
TEC also includes homework hints for representative
exercises.

Instructor’s Guide
by Douglas Shaw
ISBN 0-534-41030-8

Each section of the main text is discussed from several view-
points and contains suggested time to allot, points to stress,
text discussion topics, core materials for lecture, workshop/
discussion suggestions, group work exercises in a form
suitable for handout, with solutions, and suggested home-
work problems. An electronic version is available on the
Instructor’s Resource CD-ROM.

Complete Solutions Manual, Multivariable
by Dan Clegg
ISBN 0-534-41012-X

Includes worked-out solutions to all exercises in the text.

Printed Test Bank
By William Tomhave & Xueqi Zeng
ISBN 0-534-41031-6

Contains multiple-choice and short-answer test items that
key directly to the text.

ILrn Adopter’s Fulfillment Folder Kit
ISBN 0-534-41033-2

Featuring full algorithmic generation of problems and free-
response mathematics, iLrn allows you to customize exams
and track student progress in an accessible, browser-based
format, with results flowing automatically into your grade-
book! This kit contains the generic Instructor’s Guide,
Mathematics Instructors User’s Guide, Installation CD-ROM
(for offline users), a text-specific content CD-ROM, a Quick

Start Guide, and a “How do 1" quick introduction to widely
used functions in iLrn.

Text-Specific Videos

ISBN 0-534-41037-5
Text-specific videotape sets, available at no charge to
adopters, consisting of one tape per text chapter. Each
tape features a 10- to 20-minute problem-solving lesson for
each section of the chapter. Covers both single- and multi-
variable calculus.

Transparencies, Multivariable
by James Stewart
ISBN 0-534-41015-4

Full-color, large-scale sheets of reproductions of material
from the text.

Solutions Builder CD-ROM
ISBN 0534410383

This CD is an electronic version of the complete solutions
manual. It provides instructors with an efficient method for
creating solution sets to homework or exams. Instructors
can easily view, select, and save solution sets that can then
be printed or posted.

s: Resources for Instructors and Students

Stewart Specialty Web Site:

www.stewartcalculus.com
Contents: Algebra Review = Additional Topics = Drill exer-
cises = Problems Plus = Web Links = History of Mathematics
= Downloadable versions of CalcLabs for Derive and
TI graphing calculators = Maple Projects = Mathematica
Projects

iLrn Homework
[hitp://iLrn.com]
ISBN 0-534-40988-1

iLrn Homework allows instructors to assign machine-
gradable homework problems that help students identify
where they need additional help. That assistance is available
through worked-out solutions that guide students through
the steps of problem solving, or via live online tutoring at
vMentor. The tutors at this online service will skillfully
guide students through a problem, using unique two-way
audio and whiteboard features.

® Electronic items m Printed items
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== Resources for Instructors and Students

(cont.)

The Brooks/Cole Mathematics Resource Center Web Site
http://mathematics.brookscole.com

When you adopt a Thomson—Brooks/Cole mathematics text,
you and your students will have access to a variety of
teaching and learning resources. This Web site features
everything from book-specific resources to newsgroups. It’s
a great way to make teaching and learning an interactive
and intriguing experience.

WebTutor Advantage™ on Web(T
ISBN 0-534-41028-6

Lecture notes, discussion threads, and quizzes on WebCT.

WebTutor Advantage™ on Blackboard
ISBN 0-534-41039-1

Lecture notes, discussion threads, and quizzes on
Blackboard.

:: Student Resources

‘e Tools for Enriching™ Calculus CD-ROM
IE; by James Stewart and Dan Clegg
. ISBN 0-534-40989-X
TEC provides a laboratory environment in which students

can explore selected topics. TEC also includes homework
hints for representative exercises.

Interactive Video SkillBuilder CD-ROM
ISBN 0-534-41036-7

Think of it as portable office hours! The Interactive Video
Skillbuilder CD-ROM contains more than eight hours of
video instruction. The problems worked during each video
lesson are shown next to the viewing screen so that students
can try working them before watching the solution. To help
students evaluate their progress, each section contains a
ten-question Web quiz (the results of which can be emailed
to the instructor) and each chapter contains a chapter test,
with answers to each problem.

iLrn Student Resource Kit

ISBN 0-534-39914-2
This helpful kit provides your students with a CD-ROM that
contains the plug-ins needed to use the iLrn system and a
Student Guide that offers additional assistance for students
using iLrn.

Study Guide, Multivariable

by Robert Burton & Dennis Garity

ISBN 0-534-41006-5
Contains key concepts, skills to master, a brief discussion
of the ideas of the section, and worked-out examples with
tips on how to find the solution.

Student Solutions Manual, Multivariable

by Dan Clegg

ISBN 0-534-41005-7
Provides completely worked-out solutions to all odd-
numbered exercises within the text, giving students a way to
check their answers and ensure that they took the correct
steps to arrive at an answer.

CalcLabs with Maple, Multivariable

by Philip Yasskin and Art Belmonte

ISBN 0-534-41010-3
This comprehensive lab manual will help students learn
to effectively use the technology tools available to them.
Each lab contains clearly explained exercises and a variety
of labs and projects to accompany the text.

Linear Algebra for Calculus
by Konrad J. Heuvers, William P. Francis, John H. Kuisti,
Deborah F. Lockhart, Daniel S. Moak, and Gene M. Ortner
ISBN 0-534-25248-6
This comprehensive book, designed to supplement the
calculus course, provides an introduction to and review
of the basic ideas of linear algebra.

m Electronic items ®m Printed items
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Infinite Sequences
and Series

Image not available due to copyright restrictions

Infinite sequences and series were
introduced briefly in A Preview of
Calculus in connection with Zeno's
paradoxes and the decimal representa-
tion of numbers. Their importance in
calculus stems from Newton’s idea of
representing functions as sums of infi-
nite series. For instance, in finding
areas he often integrated a function by
first expressing it as a series and then
integrating each term of the series. We
will pursue his idea in Section 8.7 in
order to integrate such functions as Image not available due to copyright restrictions
¢~ (Recall that we have previously
been unable to do this.) Many of the
functions that arise in mathematical
physics and chemistry, such as Bessel
functions, are defined as sums of
series, so it is important to be familiar
with the basic concepts of convergence
of infinite sequences and series.
Physicists also use series in another
way, as we will see in Section 8.9. In
studying fields as diverse as optics,
special relativity, and electromag-
netism, they analyze phenomena by
replacing a function with the first few
terms in the series that represents it.




8.1

Sequences

(a)

(b)

©

(d)

n+1

{V”_3}::3 a,=+n—3, n=3 { V2,
nm | nw V31 nir
6} Gn = CO8 n=0 { » 5505 cos 6}

COS ——

A sequence can be thought of as a list of numbers written in a definite order:
ay, Ay, A3, A4y ooy Apy ...

The number a;, is called the first term, a, is the second term, and in general a, is the
nth term. We will deal exclusively with infinite sequences and so each term a, will
have a successor a@,+1.

Notice that for every positive integer n there is a corresponding number a, and so
a sequence can be defined as a function whose domain is the set of positive integers.
But we usually write a, instead of the function notation f(n) for the value of the func-
tion at the number n.

NOTATION = The sequence {a,, az, as, . . .} is also denoted by
{an} or {an}f= 1

EXAMPLE 1 Some sequences can be defined by giving a formula for the nth term. In
the following examples we give three descriptions of the sequence: one by using the
preceding notation, another by using the defining formula, and a third by writing out
the terms of the sequence. Notice that n doesn’t have to start at 1.

i __n 234 n
. R 345 a1

0 | —

3" ! 3" 2778177 3"

(=1(n + 1) )+ ) 23 45 (D@t
a, = 39 PTRE e

N =

n=0 | N

EXAMPLE 2 Find a formula for the general term a, of the sequence

3 4 5 6 7
57 2571257 6257312577

assuming that the pattern of the first few terms continues.

SOLUTION We are given that

3 4 5 6 7
a, = — a, = ——— as=—— as = ——— as = ————
s P25 P25 Y625 T 3125
Notice that the numerators of these fractions start with 3 and increase by 1 whenever
we go to the next term. The second term has numerator 4, the third term has numer-
ator 5; in general, the nth term will have numerator n + 2. The denominators are

557



558 CHAPTER 8 INFINITE SEQUENCES AND SERIES

ay
a  aas)
" i
0 1 1
2
FIGURE 1
a’l
1"__________.___.__
_ 1
ay 3
0l 1234567 "
FIGURE 2

the powers of 5, so a, has denominator 5". The signs of the terms are alternately
positive and negative, so we need to multiply by a power of —1. In Example 1(b)
the factor (—1)" meant we started with a negative term. Here we want to start with a
positive term and so we use (—1)"" ' or (—1)"*". Therefore,

n+2

n=_1n—l
a = (=1

EE

EXAMPLE 3 Here are some sequences that don’t have a simple defining equation.

(a) The sequence {p,}, where p, is the population of the world as of January 1 in
the year n.

(b) If we let a, be the digit in the nth decimal place of the number e, then {a,} is a
well-defined sequence whose first few terms are

{7,1,8,2,8,1,8,2,8,4,5,.. .}
(¢) The Fibonacci sequence {f,} is defined recursively by the conditions

fi=1 h=1 fo=f1 + fuz n=3

Each term is the sum of the two preceding terms. The first few terms are
{1,1,2,3,5,8,13,21,...}

This sequence arose when the 13th-century Italian mathematician known as Fibonacci
solved a problem concerning the breeding of rabbits (see Exercise 39). EE

A sequence such as the one in Example 1(a), a, = n/(n + 1), can be pictured
either by plotting its terms on a number line as in Figure 1 or by plotting its graph as
in Figure 2. Note that, since a sequence is a function whose domain is the set of posi-
tive integers, its graph consists of isolated points with coordinates

(1, ay) (2, ay) (3, a3) o (n, a,)

From Figure 1 or 2 it appears that the terms of the sequence a, = n/(n + 1) are
approaching 1 as n becomes large. In fact, the difference

n 1

1 — =
n+1 n+1

can be made as small as we like by taking n sufficiently large. We indicate this by
writing

lim =1

n—wpn + 1

In general, the notation

lima,=1L

e
means that the terms of the sequence {a, } approach L as n becomes large. Notice that
the following definition of the limit of a sequence is very similar to the definition of a
limit of a function at infinity given in Section 2.5.
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[1] Definition A sequence {a,} has the limit L and we write

. n lima, =L or a,— L as n—»
== A more precise definition of the limit of a n—n

sequence is given in Appendix D.
if we can make the terms a, as close to L as we like by taking n sufficiently

large. If lim, ... a, exists, we say the sequence converges (or is convergent).
Otherwise, we say the sequence diverges (or is divergent).

Figure 3 illustrates Definition 1 by showing the graphs of two sequences that have

the limit L.
all ai’l
L i L
FIGURE 3
Graphs of two
sequences with 0 > 0 >
lim a,= L

n—o

If you compare Definition 1 with Definition 2.5.4 you will see that the only differ-
ence between lim,_... a, = L and lim,_... f(x) = L is that n is required to be an inte-
ger. Thus, we have the following theorem, which is illustrated by Figure 4.

[2] Theorem If lim,_.. f(x) = L and f(n) = a, when n is an integer, then
lim, . a, = L.

—_ 4
o 4+
w4
F g
=

FIGURE 4

In particular, since we know from Section 2.5 that lim ., (1/x") = 0 when r > 0,
we have

1
3] lim—=0 if r>0

If a, becomes large as n becomes large, we use the notation

lim a, =
In this case the sequence {a,} is divergent, but in a special way. We say that {a,} di-
verges to .
The Limit Laws given in Section 2.3 also hold for the limits of sequences and their
proofs are similar.



560 CHAPTER 8 INFINITE SEQUENCES AND SERIES

Limit Laws for Convergent Sequences

Squeeze Theorem for Sequences

If {a,} and {b,} are convergent sequences and c is a constant, then

lim (a, + b,) = lim a, + lim b,

n—ow n—w n—o©

lim (a, — b,) = lim a, — lim b,

n—o© n—o©

lim ca, = ¢ lim a, limec=c

n—ow n—o n—ow

lim (a,b,) = lim a, * lim b,

n—o n—o

a lima,
li no__ n—x® if i bn =0
i Lim b, i

n—o

lim af = [lim a,|” if p > 0anda, > 0

n—ow

The Squeeze Theorem can also be adapted for sequences as follows (see Figure 5).

Ifa,< b, < c,forn = ngand lim a, = lim ¢, = L, then lim b, = L.

n—ow n—ow n—o

Another useful fact about limits of sequences is given by the following theorem,
which follows from the Squeeze Theorem because —|a,| < a, < |a.|.

FIGURE 5

The sequence {b,} is squeezed
between the sequences {a,,}
and {c,}.

== This shows that the guess we made
earlier from Figures 1 and 2 was correct.

[4] Theorem If lim |a,| = 0, then lim a, = 0.

EXAMPLE 4 Find lim
n—o n + 1
SOLUTION The method is similar to the one we used in Section 2.5: Divide numerator
and denominator by the highest power of n that occurs in the denominator and then
use the Limit Laws.
lim 1

n— o

. n .
lim = lim =
n—% n + n—®% . . 1
1 +— lim 1 + lim —
n

n—® n—» n

Here we used Equation 3 with r = 1. Bl

o Inn
EXAMPLE 5 Calculate lim —.

n—o n



FIGURE 6

== The graph of the sequence in Example 7

n

is shown in Figure 7 and supports the answer.

n

1<,

71 + .

FIGURE 7
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SOLUTION Notice that both numerator and denominator approach infinity as n — .
We can’t apply I’Hospital’s Rule directly because it applies not to sequences but to
functions of a real variable. However, we can apply 1’Hospital’s Rule to the related
function f(x) = (In x)/x and obtain

~ Inx 1/x
Iim——=1lm——=0
o X e ]
Therefore, by Theorem 2 we have
|
lim 2" _

BN

n—e n

EXAMPLE 6 Determine whether the sequence a, = (—1)" is convergent or divergent.

SOLUTION If we write out the terms of the sequence, we obtain

1,

The graph of this sequence is shown in Figure 6. Since the terms oscillate between 1
and — 1 infinitely often, a, does not approach any number. Thus, lim,_... (—1)" does

{-LL-1L1,-L1,

not exist; that is, the sequence {(—1)"} is divergent. EE
EXAMPLE 7 Evaluate lim ~—— if it exists.
SOLUTION
—1)" 1
lim =D =lim—=0
n—o n n—% N
Therefore, by Theorem 4,
—1)"
1i =1 =0
n—w 7 |

EXAMPLE 8 Discuss the convergence of the sequence a, = n!/n", where
M=1+23+ -+ +p.

SOLUTION Both numerator and denominator approach infinity as n — ¢ but here we
have no corresponding function for use with I"Hospital’s Rule (x! is not defined
when x is not an integer). Let’s write out a few terms to get a feeling for what
happens to a, as n gets large:

_, 1.2 B 3
a R ) @ 3
2.3
[5] a, =
-

It appears from these expressions and the graph in Figure 8 that the terms are
decreasing and perhaps approach 0. To confirm this, observe from Equation 5 that
1 <2.3. n)
ay=—\—
n

nen-+--++*n
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== CREATING GRAPHS OF SEQUENCES
Some computer algebra systems have special
commands that enable us to create sequences
and graph them directly. With most graphing
calculators, however, sequences can be
graphed by using parametric equations.

For instance, the sequence in Example 8

can be graphed by entering the parametric
equations

x=t y =1/t

and graphing in dot mode starting with
t = 1, setting the z-step equal to 1. The
result is shown in Figure 8.

1

0 R 1))

FIGURE 8

FIGURE 9
The sequence a,=r"
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Notice that the expression in parentheses is at most 1 because the numerator is less
than (or equal to) the denominator. So

1
0<a,<—
n
We know that 1/n — 0 as n — oo. Therefore, a, — 0 as n — © by the Squeeze

Theorem. EE

EXAMPLE 9 For what values of r is the sequence {r"} convergent?

SOLUTION We know from Section 2.5 and the graphs of the exponential functions in
Section 1.5 that lim, ..a* = o fora > 1 and lim, ..a* = 0 for 0 < a < 1. There-
fore, putting a = r and using Theorem 2, we have

. o if r>1
limr" = .
n—o 0 iIfo<r<i1
For the cases r = 1 and r = 0 we have
Iim!"=1lm1=1 and Iim0"=1mO0 =20

n—w n—w n—w n—w

If =1 <r<0,then0<|r|<1,so
lim | r"| = lim |r|"=0
and therefore lim, ... ¥" = 0 by Theorem 4. If r < —1, then {r"} diverges as in

Example 6. Figure 9 shows the graphs for various values of r. (The case r = —1 is
shown in Figure 6.)

a, a
r>1,

Ty o —l<r<o

r<<—1-

BN

The results of Example 9 are summarized for future use as follows.

[6] The sequence {r"}is convergent if —1 < r < 1 and divergent for all other

values of r.
{0 if —1<r<l
1

if r=1

lim r" =

n—w

Definition A sequence {a,} is called increasing if a, < a, for all n = 1, that
is, a1 < a, < a3 < - - -. Itis called decreasing if a, > a,+; foralln = 1. A
sequence is monotonic if it is either increasing or decreasing.




== The right side is smaller because it has a
larger denominator.
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EXAMPLE 10 The sequence { } is decreasing because

n

3 3 .3
n+5 Wm+1)+5 n+6

and soa, > a,+ foralln = 1. rr

n
EXAMPLE 11 Show that the sequence a, = — is decreasing.
n

+1

SOLUTION T We must show that a,+; < a,, that is,

n+1 - n
n+1)>+1 n+1

This inequality is equivalent to the one we get by cross-multiplication:

n+1 n

m+ 1P+ 1 <n2+1 = m+ DR+ 1) <a[(n+ 17>+ 1]

= 4P+t 1<nd+2n*+2n
& 1<n+n

Since n = 1, we know that the inequality n?> + n > 1 is true. Therefore, a,,| < a,
and so {a,} is decreasing.

SOLUTION 2 Consider the function f(x) = —; T :
X

x2+ 1 —2x? 1 —x?

@ @D 0  whenever x> > 1

Thus, f is decreasing on (1, ) and so f(n) > f(n + 1). Therefore, {a,} is decreasing.
rFr

Definition A sequence {a,} is bounded above if there is a number M such that
a, <M foralln = 1
It is bounded below if there is a number m such that

m< a, foralln =1

If it is bounded above and below, then {a,} is a bounded sequence.

For instance, the sequence a, = n is bounded below (a, > 0) but not above. The
sequence a, = n/(n + 1) is bounded because 0 < a, < 1 for all n.
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FIGURE 10

= = Mathematical induction is often used in
dealing with recursive sequences. See

page 87 for a discussion of the Principle of
Mathematical Induction.

We know that not every bounded sequence is convergent [for instance, the se-
quence a, = (—1)" satisfies —1 < a, < 1 but is divergent from Example 6] and not
every monotonic sequence is convergent (a, = n — ). But if a sequence is both
bounded and monotonic, then it must be convergent. This fact is stated without proof
as Theorem 7, but intuitively you can understand why it is true by looking at Fig-
ure 10. If {a, } is increasing and a, < M for all n, then the terms are forced to crowd
together and approach some number L.

Monotonic Sequence Theorem Every bounded, monotonic sequence is
convergent.

EXAMPLE 12 Investigate the sequence {a,} defined by the recurrence relation
ai=2  awi=3(@ +6)  forn=1273,...

SOLUTION We begin by computing the first several terms:

a; =2 a=32+6)=4 a;=3i4+6)=5
a;=35+6)=55 as=5.75 as = 5.875
a; = 5.9375 as = 5.96875 a, = 5.984375

These initial terms suggest that the sequence is increasing and the terms are
approaching 6. To confirm that the sequence is increasing, we use mathematical
induction to show that a,+; > a, for all n = 1. This is true for n = 1 because
a, = 4 > a,. If we assume that it is true for n = k, then we have

Qg1 = Aie
SO QG T 6>a,+6
and 3@ + 6) > 3(ax + 6)
Thus Ai+2 = A+l

We have deduced that a,+, > a, is true for n = k + 1. Therefore, the inequality is
true for all n by induction.

Next we verify that {a,} is bounded by showing that a, < 6 for all n. (Since the
sequence is increasing, we already know that it has a lower bound: a, = a, = 2 for
all n.) We know that a; < 6, so the assertion is true for n = 1. Suppose it is true for
n = k. Then

ar <6
SO ap +6 <12
and Har +6) <i(12) =6
Thus are < 6

This shows, by mathematical induction, that a, < 6 for all n.
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Since the sequence {a,} is increasing and bounded, the Monotonic Sequence
Theorem guarantees that it has a limit. The theorem doesn’t tell us what the value of
the limit is. But now that we know L = lim, ... a, exists, we can use the given
recurrence relation to write

lim @, = lim (a, + 6) = ;(nm a, + 6) =L + 6)

n—ow

Since a, — L, it follows that a,+; — L too (asn — %, n + 1 — % also). So we have

L=3(L+6)
Solving this equation for L, we get L = 6, as we predicted. EE

8.1 Exercises
1. (a) What is a sequence? 9l _cos’n 99

(b) What does it mean to say that lim,—.. a, = 8? 4 an = on + {n cos nm}

(c) What does it mean to say that lim,—.. a, = %? "

2. 4,~ 1+ 0, g, = 2

2. (a) What is a convergent sequence? Give two examples. - = n s A= 1+ +n

(b) What is a divergent sequence? Give two examples.
25. {0,1,0,0,1,0,0,0,1,...} 26. a,

_ (Inn)?

3. List the first six terms of the sequence defined by o
= 2. 4y = n@n> + 1) — I + 1) 2. a, =
o+ 1 . a,=In(2n n(n - =

[

Does the sequence appear to have a limit? If so, find it.

4. List the first nine terms of the sequence {cos(nm/3)}. Does 3 29-34 m Use a graph of the sequence to decide whether the

this sequence appear to have a limit? If so, find it. If not,
explain why.

5-8 m Find a formula for the general term a, of the sequence,
assuming that the pattern of the first few terms continues.

2 4 8 1 2 3 4
5. {1 -5 - 6 {—55 — ..

7.{2,7,12,17,.. }

9-28 m Determine whether the sequence converges or diverges.

If it converges, find the limit.

3 + 5n° +1
9. a, = —— 10. a, =
n+n 3n—1
2" Jn
na=— 12 a, = ——F
T “T U
(n +2)! n
13. a, = — W a=—"r
“ ! ST
_1 n—1 _ln3
5. a,= 0 16, ay=
n+1 n+2n° +1

cos(2/n)

n + —-n
17. {eze} 18. a,
e — 1

19. {n% "} 20. {arctan 2n}

sequence is convergent or divergent. If the sequence is conver-
gent, guess the value of the limit from the graph and then prove
your guess. (See the margin note on page 562 for advice on
graphing sequences.)

+ 1
2. a, = (—1y
n

2n sin n
31 {arctan(zn n 1)} 32 { \/ﬁ }

3

3. a,— — M. q,= 3T 5

n!

30. a, =2+ (—2/7)"

35. If $1000 is invested at 6% interest, compounded annually,
then after n years the investment is worth a, = 1000(1.06)"
dollars.

(a) Find the first five terms of the sequence {a, }.
(b) Is the sequence convergent or divergent? Explain.

36. Find the first 40 terms of the sequence defined by

1 . .

3dy, if a, is an even number
Ap+1 = . .
" 3a, + 1 if a,is an odd number

and a; = 11. Do the same if a; = 25. Make a conjecture
about this type of sequence.
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37. (a) Determine whether the sequence defined as follows is
convergent or divergent:

a =1 a1 =4 —a, forn=1
(b) What happens if the first term is a; = 2?

38. (a) If lim,—.. a, = L, what is the value of lim, .. @,+?

(b) A sequence {a,} is defined by
a =1 a1 = 1/(1 + a,) forn=1

Find the first ten terms of the sequence correct to five

decimal places. Does it appear that the sequence is con-

vergent? If so, estimate the value of the limit to three
decimal places.

(c) Assuming that the sequence in part (b) has a limit, use
part (a) to find its exact value. Compare with your esti-

mate from part (b).

39. (a) Fibonacci posed the following problem: Suppose that

rabbits live forever and that every month each pair pro-

duces a new pair which becomes productive at age

2 months. If we start with one newborn pair, how many

pairs of rabbits will we have in the nth month? Show
that the answer is f,, where { f,} is the Fibonacci
sequence defined in Example 3(c).

(b) Let a, = fo+1/f, and show thata,—; = 1 + 1/a,-».
Assuming that {a, } is convergent, find its limit.

40. Find the limit of the sequence
(V2. V2v2 22 .. )

41-44 m Determine whether the sequence is increasing,
decreasing, or not monotonic. Is the sequence bounded?

1 2n — 3

4]. a, = 42' a, =
2n + 3 3n +4

1
M oa,=n+—
n

43. a, = cos(nm/2)

45. Suppose you know that {a,} is a decreasing sequence and

all its terms lie between the numbers 5 and 8. Explain why
the sequence has a limit. What can you say about the value

of the limit?

46. A sequence {a,} is given by a; = V2, aui = V2 + a,.

(a) By induction or otherwise, show that {a,} is increasing

and bounded above by 3. Apply the Monotonic
Sequence Theorem to show that lim, .. a, exists.
(b) Find lim,, .« a,.

47. Show that the sequence defined by
1

Ani1 =3 ——
dan

a1=1

48.

49.

50.

5.

52.

is increasing and a, < 3 for all n. Deduce that {a,} is con-
vergent and find its limit.

Show that the sequence defined by

a, =2 ap+1 = 5

n 3 —a,
satisfies 0 < a, =< 2 and is decreasing. Deduce that the
sequence is convergent and find its limit.

We know that lim,,—... (0.8)" = 0 [from (6) with » = 0.8].
Use logarithms to determine how large n has to be so that
(0.8)" < 0.000001.

(@) Leta, = a, a, = f(a), as = f(a2) = f(f(a)), ...,
an+1 = f(a,), where f is a continuous function. If
lim, - a, = L, show that f(L) = L.

(b) Mlustrate part (a) by taking f(x) = cos x, a = 1, and
estimating the value of L to five decimal places.

The size of an undisturbed fish population has been
modeled by the formula
__bp
Pn+1 a+ p

where p, is the fish population after n years and a and b are

positive constants that depend on the species and its environ-

ment. Suppose that the population in year 0 is po > 0.

(a) Show that if { p,} is convergent, then the only possible
values for its limit are O and b — a.

(b) Show that p,+; < (b/a)p,.

(c) Use part (b) to show that if @ > b, then lim,,—... p, = 0;
in other words, the population dies out.

(d) Now assume that a < b. Show that if p, < b — a, then
{pa} is increasing and 0 < p, < b — a. Show also that
if po > b — a, then {p,} is decreasing and p, > b — a.
Deduce that if a < b, then lim, ... p, = b — a.

A sequence is defined recursively by

1
1+ a,

Cl1:1 a,l+1:1+

Find the first eight terms of the sequence {a,}. What do you
notice about the odd terms and the even terms? By consider-
ing the odd and even terms separately, show that {a,} is
convergent and deduce that

lim a, = /2
This gives the continued fraction expansion

1
2+ —
2o
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LABORATORY PROJECT

Logistic Sequences

A sequence that arises in ecology as a model for population growth is defined by the logis-
tic difference equation

DPat1 = kp,(1 — p,)

where p, measures the size of the population of the nth generation of a single species. To
keep the numbers manageable, p, is a fraction of the maximal size of the population, so
0 < p, = 1. Notice that the form of this equation is similar to the logistic differential equa-
tion in Section 7.5. The discrete model—with sequences instead of continuous functions—is
preferable for modeling insect populations, where mating and death occur in a periodic
fashion.

An ecologist is interested in predicting the size of the population as time goes on,
and asks these questions: Will it stabilize at a limiting value? Will it change in a cyclical
fashion? Or will it exhibit random behavior?

Write a program to compute the first n terms of this sequence starting with an initial
population py, where 0 < py < 1. Use this program to do the following.

1. Calculate 20 or 30 terms of the sequence for p, = 1 and for two values of k such that
1 < k < 3. Graph the sequences. Do they appear to converge? Repeat for a different
value of p, between 0 and 1. Does the limit depend on the choice of p,? Does it depend
on the choice of k?

2. Calculate terms of the sequence for a value of k between 3 and 3.4 and plot them. What
do you notice about the behavior of the terms?

3. Experiment with values of k between 3.4 and 3.5. What happens to the terms?

4. For values of k between 3.6 and 4, compute and plot at least 100 terms and comment on
the behavior of the sequence. What happens if you change p, by 0.001? This type of
behavior is called chaotic and is exhibited by insect populations under certain conditions.

8.2

Series

If we try to add the terms of an infinite sequence {a, },—; we get an expression of the
form

1] atata+-ta,+ -

which is called an infinite series (or just a series) and is denoted, for short, by the
symbol

M s

a, or 2 ay
1

n

But does it make sense to talk about the sum of infinitely many terms?
It would be impossible to find a finite sum for the series

1+2+43+4+5+ - +n+--

because if we start adding the terms we get the cumulative sums 1, 3, 6, 10, 15,
21, ... and, after the nth term, we get n(n + 1)/2, which becomes very large as n
increases.
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However, if we start to add the terms of the series

1 1 1 1 1 1 1

n Sum of first n terms 2+4+8+16+32+64+.“+2"+“.
1 0.50000000 a7 is @

5 075000000 we gets, 1,5 165 300 610 - - - » 1 — 1/2", ... . The table shows that as we add more and
3 0.87500000 more terms, these partial sums become closer and closer to 1. (See also Figure 11 in
4 0.93750000 A Preview of Calculus, page 7.) In fact, by adding sufficiently many terms of the series
5 0.96875000 we can make the partial sums as close as we like to 1. So it seems reasonable to say
6 0.98437500 that the sum of this infinite series is 1 and to write

7 0.99218750 "

10 0.99902344 st Lttt

15 0.99996948 =22 4 8 16 2"

20 0.99999905 o , ,

25 0.99999997 We use a similar idea to determine whether or not a general series (1) has a sum.

We consider the partial sums

ST — ag
S» — ay + da)
s3;=a; +a, + as
S4 = Ay +a2+a3+a4
and, in general,
n
Sp = aj +a2+a3+"' +an:Eai
i=1
These partial sums form a new sequence {s,}, which may or may not have a limit. If

lim, ... s, = s exists (as a finite number), then, as in the preceding example, we call it
the sum of the infinite series > a,,.

[2] Definition Given a series ,—; a, = a; + a» + a; + -+ - -, let s, denote its
nth partial sum:

n

si=Xa=a+a+ - +a,
i=1
If the sequence {s, } is convergent and lim,_... 5, = s exists as a real number,
then the series X a, is called convergent and we write

ata+---+a,+---=z5s or 2a,,=s
n=1

The number s is called the sum of the series. If the sequence {s,} is divergent,
then the series is called divergent.

Thus, the sum of a series is the limit of the sequence of partial sums. So when we

== Compare with the improper integral ) . i )
write ¥,—; a, = s we mean that by adding sufficiently many terms of the series we can

j | f(&) dx = lim Jl f() dx get as close as we like to the number s. Notice that
To find this integral we integrate from 1 to ¢ and % n
then let 1 — oo, For a series, we sum from 1 to > a,=lim Y a

nand then letn — oo, n=1
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EXAMPLE 1 An important example of an infinite series is the geometric series
atar+tar*+art+ - +ar" '+ o= ar! a#0

== Figure 1 provides a geometric demonstra- ~ Each term is obtained from the preceding one by multiplying it by the common ratio r.
tion of the result in Example 1. If the triangles (We have already considered the special case where @ = 3 and r = 3.)
are constructed as shown and s is the sum If r = _ _ . . )
: o r=1,thens,=a+a+ -+ a=na— *o. Since lim, . s, doesn’t
of the series, then, by similar triangles, . . . . . .
exist, the geometric series diverges in this case.

s 4 ) §=—2 If r # 1, we have
a a — ar 1—=r
_ ss=a+ar+ar*+ -+ ar"!
3
ar and rS, = ar+ar*+ -+ ar" ' + ar’
arz
e Subtracting these equations, we get
ar Sy — sy =a — ar"
a—ar ar s B a(l — r'l)
3] S =
1—r
If =1 <r <1, we know from (8.1.6) that »" — 0 as n — ©, so
a a
) Coa(l =) a a ) a
lim s, = lim = — lim r" =
n—>o n—e ] —r 1—r 1 — rno= —-r
P - Thus, when | r| < 1 the geometric series is convergent and its sum is a/(1 — r).
If r < —1 or r > 1, the sequence {r"} is divergent by (8.1.6) and so, by Equation 3,
FIGURE 1 lim, . s, does not exist. Therefore, the geometric series diverges in those cases. & &
We summarize the results of Example 1 as follows.
[4] The geometric series
dar"'=a+ar+ar*+ -
== |n words: The sum of a convergent geo- n=1

metric series is

first term is convergent if | r| < 1 and its sum is

1 — common ratio

If | r| = 1, the geometric series is divergent.

EXAMPLE 2 Find the sum of the geometric series

10 20 40
S—5ty Tyt

SOLUTION The first term is @ = 5 and the common ratio is r = —3. Since |r| =3 < I,
the series is convergent by (4) and its sum is

5 — — - e — =

10 20 40 5 5
309 27 1-(-3) 3

rr
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== \What do we really mean when we say Sy
that the sum of the series in Example 2 is 37 " S
Of course, we can't literally add an infinite 1 5.000000
number of terms, one by one. But, according
to Definition 2, the total sum is the limit of 2 1.666667 L
the sequence of partial sums. So, by taking 3 3.888889 37 A
the sum of sufficiently many terms, we can 4 2.407407 ’
get as close as we like to the number 3. 5 3.395062
The table shows the first ten partial sums s, 6 2.736626
and the graph in Figure 2 shows how the 7 3.175583 ‘
sequence of partial sums approaches 3. 8 .882945 0 2'0 n
9 3.078037
10 2.947975
FIGURE 2

EXAMPLE 3 Is the series , 2%"3'™" convergent or divergent?

n=1

SOLUTION Let’s rewrite the nth term of the series in the form ar" ™

== Another way to identify a and r is to 0 g

write out the first few terms: i 92n31-n — i (22)n3—(n—1) _ E _ S 4(
n=1 =1

-1
4+ 484 n=1 a1 3" n

N

)n*l

We recognize this series as a geometric series with @ = 4 and r = 3. Since r > 1,
the series diverges by (4). EN

EXAMPLE 4 Write the number 2.317 = 2.3171717. . . as a ratio of integers.

SOLUTION
17 17 17

23171717... =23+ — + — + —— +
10° © 10° 10

After the first term we have a geometric series with @ = 17/10° and r = 1/10%

Therefore
17 17
— 10° 1000
2317=23+ ——=23 + ——
1 99
1 - -
102 100
B 2 N 17 1147
10 990 495 Bl

EXAMPLE 5 Find the sum of the series Y, x", where |x| < 1.
n=0

SOLUTION Notice that this series starts with n = 0 and so the first term is x° = 1.
(With series, we adopt the convention that x° = 1 even when x = 0.) Thus

"=l+x+x>+x0+xt+ e

M s

n=0

This is a geometric series with @ = 1 and r = x. Since | r| = | x| < 1, it converges
and (4) gives

Module 8.2 explores a series that

| | depends on an angle 6 in a triangle w
and enables you to see how rapidly [5] 2 ¥ =
the series converges when 6 varies. n=0 1 —x [
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EXAMPLE 6 Show that the series Y,

—— — is convergent, and find its sum.
n=1 n(n + ])

SOLUTION This is not a geometric series, so we go back to the definition of a conver-
gent series and compute the partial sums.

i 1 LN R SRR
5, — _ b
Zii+1) 12 2-3 3-4 n(n + 1)

We can simplify this expression if we use the partial fraction decomposition

_tr _1t__1
ii+1) i i+1

(see Section 5.7). Thus, we have

= 1 = 1 1
Sp = m=2<—.—.+1>
== Notice that the terms cancel in pairs. i=1 U =1 \ 'l !
This is an example of a telescoping sum: 1
Because of all the cancellations, the sum =1|1- + — + - + .-+ —
collapses (like a pirate’s collapsing n+1
telescope) into just two terms. |
=1 -
n+1
. . 1
and so lims,=1lim |1 — =1—-0=1
n—o n—ow n + 1
== Figure 3 illustrates Example 6 by show- . L
ing the graphs of the sequence of terms Therefore, the given series is convergent and
a, = 1/[n(n + 1)] and the sequence {s, }
of partial sums. Notice that a,, — 0 and 1 -1
Sp — 1'. Sge Exermst_es 46 and 47 for two = n(n + 1) EE
geometric interpretations of Example 6.
EXAMPLE 7 Show that the harmonic series
e S 1 1 1
-------- d—=1+=—+=—+—+"
{s. =1 N 2 3 4

is divergent.

SOLUTION For this particular series it’s convenient to consider the partial sums s,, s4,
Ss, S16, S32, - - - and show that they become large.

...... {a}m s2=1+3
0 n
ss=1+3+G+)>1+5+G+3) =143
FIGURE 3 ss=1+3;+G+)+G+e+3+5)

S1eie D+ Grieied)
=l+i+i+i=1+3

o= 1 D (e ) (e )
S ()G ) Gkt )
=1+3+3+3;+3;=1+3
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== The method used in Example 7 for show-
ing that the harmonic series diverges is

due to the French scholar Nicole Oresme
(1323-1382).

Similarly, s3» > 1 + %, ses > 1 + %, and in general
>1+2
San —
: 2

This shows that s,, — % as n — 0 and so {s, } is divergent. Therefore, the harmonic
series diverges. EE

[6] Theorem If the series 2 a, is convergent, then lim a, = 0.
e

n=1

Proof Lets,=a; + a, + -+ + a, Thena, =s, — s,-. Since = a, is convergent,
the sequence {s,} is convergent. Let lim, . s, = s. Since n — 1 — % as n — ©, we
also have lim, . s,-; = s. Therefore

lim a, = lim (s, — s,-;) = lim s, — lim s,
el

n—w n—w n—w

=5s—5=0 EE

NOTE1 - With any series = a, we associate two sequences: the sequence {s,} of its
partial sums and the sequence {a,} of its terms. If = a, is convergent, then the limit of
the sequence {s,} is s (the sum of the series) and, as Theorem 6 asserts, the limit of the
sequence {a,} is 0.

NOTE 2 - The converse of Theorem 6 is not true in general. If lim, ... a, = 0, we
cannot conclude that ¥ a, is convergent. Observe that for the harmonic series = 1/n
we have a, = 1/n — 0 as n — o, but we showed in Example 7 that = 1/n is divergent.

The Test for Divergence If lin_l a, does not exist or if lim a, # 0, then the

n—o
0

series z a, is divergent.

n=1

The Test for Divergence follows from Theorem 6 because, if the series is not diver-
gent, then it is convergent, and so lim, . a, = 0.

@ 2
EXAMPLE 8 Show that the series , Zn— diverges.
n=1 51’1 + 4

SOLUTION

I lim I ! Lo

im a, = lim = lim =—

n—o n—o 5”12 + 4 n—e 5 4+ 4/I’L2 5
So the series diverges by the Test for Divergence. EE

NOTE 3 - If we find that lim, . a, # 0, we know that X a, is divergent. If we find
that lim,—.. a, = 0, we know nothing about the convergence or divergence of = a,.
Remember the warning in Note 2: If lim, .. a, = 0, the series = a, might converge or
it might diverge.
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(where c is a constant), = (a, + b,), and = (a, — b,), and

(111) E (an - bn) = E anp — 2 bn
n=1 n=1 n=1

Theorem If X a, and X b, are convergent series, then so are the series = ca,

Q) D ca,=c Y a, () X (an + b)) =D a, + 2 b,
n=1 n=1 n=1 n=1 n=1

These properties of convergent series follow from the corresponding Limit Laws
for Convergent Sequences in Section 8.1. For instance, here is how part (ii) of Theo-

rem 8 is proved:
Let

IEa,- SZEa,, t,,ZEb,- tZEb,,
i=1 n=1 i -

The nth partial sum for the series > (a, + b,) is

= (a;i + b))
i=1

and, using Equation 5.2.9, we have
lim u, = lim E (a; + b)) = 11m (Ea,-+ 21),—)
n—e ==y i=1 i=1

= lim Y, @; + lim 2, b;

e =] e =1

=lims, + lim¢t, =5 + ¢

n—ow n—ow

Therefore, = (a, + b,) is convergent and its sum is

ay+b)=s+t= D a,+ 2 b,
n=1 n=1 n=1

z 3 1
EXAMPLE 9 Find the sum of the series D, <— + 2n>.

mi\nn+1)
SOLUTION The series = 1/2" is a geometric series with @ = 3 and r = 3, so
3 1 é
= =1
,Zl 2n 1 -1

In Example 6 we found that
=1
g (n +1)
So, by Theorem 8, the given series is convergent and
1 < 1 &
+—= =32 —0
) Zl nn + 1) g
=3:-1+1=4

& 1
Zl (n(n +1) o

BN
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NOTE4 -

A finite number of terms doesn’t affect the convergence or divergence of a

series. For instance, suppose that we were able to show that the series

is convergent. Since

%

S

n=4 n3 + 1

n 1 2 3 -
= — 4+ — 4+ —
RTINS

A+l 2

it follows that the entire series =;—; n/(n* + 1) is convergent. Similarly, if it is known
that the series 2,—y+1 a, converges, then the full series

% +Ean

Mg

n:] n=1 n=N+1
is also convergent.
8.2 Exercises
1. (a) What is the difference between a sequence and a series? 13 i 5 ( g),, | " i (—6)"!
(b) What is a convergent series? What is a divergent series? e e L
2. Explain what it means to say that ;- a, = 5. > 1
15. E 16. Y

3-8 m Find at least 10 partial sums of the series. Graph both

the sequence of terms and the sequence of partial sums on the
same screen. Does it appear that the series is convergent or
divergent? If it is convergent, find the sum. If it is divergent,
explain why.

S 12 z 2n® — 1
3. 4,

,,21 (_S)n ,;::1 I’lz + 1
5. > tann 6. Y (0.6)"!

n=1 n=1

2n
3n+1°
(a) Determine whether {a,} is convergent.
(b) Determine whether ;- a, is convergent.

9. Leta, =

10. (a) Explain the difference between

I8

a; and E a;

T
<
T

(b) Explain the difference between

-

a; and E a;
i=1

i

11-16 m Determine whether the geometric series is convergent
or divergent. If it is convergent, find its sum.

ns-9+3-3+-

122.1 + 04 + 0.16 + 0.064 + - - -

3n+1 * = (\/E)n

17-26 m Determine whether the series is convergent or diver-
gent. If it is convergent, find its sum.

17. gzi 18. gl 2”n+_13

19. éz kzk_z . 20. é%

2. g : ;zn 2. g : ;3"

23. é 2 24. é [(0.8)"" — (0.3)"]
25. 2 arctan n 26. é (cos 1)*

27-30 m Determine whether the series is convergent or diver-
gent by expressing s, as a telescoping sum (as in Example 6). If
it is convergent, find its sum.

& 2

27. 28. —_—
,Zzl’lz_l ;ln +4n + 3
& 3 & n

29. _ 30. 1
,Zln(n+3) ,Z',nn+l

31-34 m Express the number as a ratio of integers.
31. 02 =0.2222. .. 32. 0.73 = 0.73737373 . ..
33. 3.417 = 3.417417417 . .. 34. 6.254 = 6.2545454 . ..



35-37 m Find the values of x for which the series converges.
Find the sum of the series for those values of x.

35.

37.

38.

39-

D 36. S 2"(x + 1)

n
n=1 3 n=0

i cos”x
n=0 2"

We have seen that the harmonic series is a divergent series
whose terms approach 0. Show that

2 11‘1(1 + rlz)

is another series with this property.

40 m Use the partial fraction command on your CAS to

find a convenient expression for the partial sum, and then use
this expression to find the sum of the series. Check your answer
by using the CAS to sum the series directly.

39.

41.

42.

43.

44.

S nt+3n+1
o0 2 (n® + n)?

n=1

& 1
D Ty ——
a1 (dn + 1)(dn — 3)
If the nth partial sum of a series 2,-; a, is
n—1
n+1

Sp =

find a, and =- a,.

If the nth partial sum of a series ;- a, is s, = 3 — n2™",
find a, and =,-; a,.

‘When money is spent on goods and services, those that

receive the money also spend some of it. The people receiv-

ing some of the twice-spent money will spend some of that,
and so on. Economists call this chain reaction the multiplier
effect. In a hypothetical isolated community, the local gov-
ernment begins the process by spending D dollars. Suppose
that each recipient of spent money spends 100c% and saves
100s% of the money that he or she receives. The values ¢
and s are called the marginal propensity to consume and the

marginal propensity to save and, of course, ¢ + s = 1.

(a) Let S, be the total spending that has been generated after
n transactions. Find an equation for S,.

(b) Show that lim, ... S, = kD, where k = 1/s. The number
k is called the multiplier. What is the multiplier if the
marginal propensity to consume is 80%?

Note: The federal government uses this principle to justify

deficit spending. Banks use this principle to justify lend-

ing a large percentage of the money that they receive in
deposits.

A certain ball has the property that each time it falls from a

height 4 onto a hard, level surface, it rebounds to a height

rh, where 0 < r < 1. Suppose that the ball is dropped from

an initial height of H meters.

(a) Assuming that the ball continues to bounce indefinitely,
find the total distance that it travels. (Use the fact that
the ball falls 347> meters in ¢ seconds.)

45.

1 46

47.
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(b) Calculate the total time that the ball travels.

(c) Suppose that each time the ball strikes the surface
with velocity v it rebounds with velocity —kv, where
0 < k < 1. How long will it take for the ball to come
to rest?

What is the value of ¢ if D, (1 + ¢)™" = 2?

n=2

. Graph the curves y = x",0 < x < 1, forn =0, 1, 2, 3,

4, ... on a common screen. By finding the areas between
successive curves, give a geometric demonstration of the
fact, shown in Example 6, that

< 1

S

a1 n(n + 1)

The figure shows two circles C and D of radius 1 that touch
at P. T is a common tangent line; C, is the circle that
touches C, D, and T; C; is the circle that touches C, D,

and C; Cj is the circle that touches C, D, and C,. This
procedure can be continued indefinitely and produces an
infinite sequence of circles {C,}. Find an expression for

the diameter of C, and thus provide another geometric
demonstration of Example 6.

T

48. A right triangle ABC is given with ZA = fand |AC| = b.

CD is drawn perpendicular to AB, DE is drawn perpendicu-
lar to BC, EF L AB, and this process is continued indefi-
nitely as shown in the figure. Find the total length of all the
perpendiculars

|CD| + |DE| + |EF| + |FG| + - -~

in terms of b and 6.
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49.

50.

51.

52.

53.

54,

55.
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What is wrong with the following calculation?

0=0+0+0+:-
=D+ A =D+ =1+

T=1+1=1+1—1+--

l+(-1+D+(-1+D+(-1+1D)+---

=140+0+0+---=1

(Guido Ubaldus thought that this proved the existence of
God because “something has been created out of nothing.”)

Suppose that 3,-; a, (a, # 0) is known to be a convergent
series. Prove that ;- 1/a, is a divergent series.

If 2 a, is convergent and X b, is divergent, show that
the series = (a, + b,) is divergent. [Hint: Argue by
contradiction.]

If 2 a, and = b, are both divergent, is = (a, + b,) necessar-
ily divergent?

Suppose that a series X a, has positive terms and its partial
sums s, satisfy the inequality s, = 1000 for all n. Explain
why X a, must be convergent.

The Fibonacci sequence was defined in Section 8.1 by the
equations

=1 f=1 fi=fia+fie n=3

Show that each of the following statements is true.
1 1 1

@ -

Jorfort faifa Safanr

< 1
(b) 2 =

n=2 Jn—1Jn+1

g _ I
c — =2
( ) 22 ﬁl—]ﬁl+]

The Cantor set, named after the German mathematician
Georg Cantor (1845-1918), is constructed as follows. We
start with the closed interval [0, 1] and remove the open
interval (%, %) That leaves the two intervals [0, %] and [%, 1]
and we remove the open middle third of each. Four intervals
remain and again we remove the open middle third of each
of them. We continue this procedure indefinitely, at each
step removing the open middle third of every interval that
remains from the preceding step. The Cantor set consists of
the numbers that remain in [0, 1] after all those intervals
have been removed.

(a) Show that the total length of all the intervals that are
removed is 1. Despite that, the Cantor set contains infi-
nitely many numbers. Give examples of some numbers
in the Cantor set.

56.

57.

58.

(b) The Sierpinski carpet is a two-dimensional counterpart
of the Cantor set. It is constructed by removing the cen-
ter one-ninth of a square of side 1, then removing the
centers of the eight smaller remaining squares, and so
on. (The figure shows the first three steps of the
construction.) Show that the sum of the areas of the
removed squares is 1. This implies that the Sierpinski
carpet has area 0.

(a) A sequence {a,} is defined recursively by the equation
a, = (@1 + a,») for n = 3, where a, and a, can be
any real numbers. Experiment with various values of a;
and a» and use your calculator to guess the limit of the
sequence.

(b) Find lim, .. a, in terms of @, and a, by expressing
an+1 — a,in terms of a, — @, and summing a series.

Consider the series

i n
n=1 (71 + 1)!

(a) Find the partial sums s, 5, 53, and ss. Do you recognize
the denominators? Use the pattern to guess a formula
for s,.

(b) Use mathematical induction to prove your guess.

(c) Show that the given infinite series is convergent, and
find its sum.

In the figure there are infinitely many circles approaching
the vertices of an equilateral triangle, each circle touching
other circles and sides of the triangle. If the triangle has
sides of length 1, find the total area occupied by the circles.
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The Integral and Comparison Tests; Estimating Sums

In general, it is difficult to find the exact sum of a series. We were able to accomplish
this for geometric series and the series = 1/[n(n + 1)] because in each of those cases
we could find a simple formula for the nth partial sum s,. But usually it isn’t easy
to compute lim, .. s,. Therefore, in this section and the next we develop tests that
enable us to determine whether a series is convergent or divergent without explicitly
finding its sum. In some cases, however, our methods will enable us to find good esti-
mates of the sum.

In this section we deal only with series with positive terms, so the partial sums are
increasing. In view of the Monotonic Sequence Theorem, to decide whether a series
is convergent or divergent, we need to determine whether the partial sums are bounded
or not.

!= Testing with an Integral

8.3

n s, = /E, L
i=1 b

5 1.4636

10 1.5498

50 1.6251

100 1.6350

500 1.6429

1000 1.6439

5000 1.6447

Let’s investigate the series whose terms are the reciprocals of the squares of the posi-
tive integers:

There’s no simple formula for the sum s, of the first n terms, but the computer-
generated table of values given in the margin suggests that the partial sums are ap-
proaching a number near 1.64 as n — % and so it looks as if the series is convergent.

We can confirm this impression with a geometric argument. Figure 1 shows the
curve y = 1/x? and rectangles that lie below the curve. The base of each rectangle is
an interval of length 1; the height is equal to the value of the function y = 1/x? at the
right endpoint of the interval. So the sum of the areas of the rectangles is

L WS NS S —i 1
12 22 32 42 52 = n2
y zi
y 2
area=#
[
4 : 2 ] : :
0 ! 2 3 s | s
area:§ area:? area:$ area:§

If we exclude the first rectangle, the total area of the remaining rectangles is
smaller than the area under the curve y = 1/x” for x = 1, which is the value of the
integral |1°° (1/x*) dx. In Section 5.10 we discovered that this improper integral is con-
vergent and has value 1. So the picture shows that all the partial sums are less than

L Lta=o
12 f] x2 X =
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n =3 -
i=1 VI
5 3.2317
10 5.0210
50 12.7524
100 18.5896
500 43.2834
1000 61.8010
5000 139.9681

Thus, the partial sums are bounded and the series converges. The sum of the series (the
limit of the partial sums) is also less than 2:

RN S T R
| n2 12 22 32 42

DM s

n

[The exact sum of this series was found by the Swiss mathematician Leonhard Euler
(1707-1783) to be 7%/6, but the proof of this fact is beyond the scope of this book.]
Now let’s look at the series

ST AT A AR

The table of values of s, suggests that the partial sums aren’t approaching a finite num-
ber, so we suspect that the given series may be divergent. Again we use a picture for
confirmation. Figure 2 shows the curve y = 1/4/x, but this time we use rectangles
whose tops lie above the curve.

y 1

1 1 1 1
0 o2 ] 3 | 4 | s X

_ 1
area = ——

area:ﬁ area:ﬁ area:ﬁ \/Z

The base of each rectangle is an interval of length 1. The height is equal to the value
of the function y = 1/4/x at the left endpoint of the interval. So the sum of the areas
of all the rectangles is

1 1 1 1 1
T ETETEYE YR

This total area is greater than the area under the curve y = 1/4/x for x = 1, which is
equal to the integral ‘l‘x (1/ \/;) dx. But we know from Section 5.10 that this improper
integral is divergent. In other words, the area under the curve is infinite. So the sum of
the series must be infinite, that is, the series is divergent.

The same sort of geometric reasoning that we used for these two series can be used
to prove the following test.

The Integral Test Suppose f is a continuous, positive, decreasing function on
[1, c0) and let @, = f(n). Then the series ;- a, is convergent if and only if
the improper integral [ f(x) dx is convergent. In other words:

(a) If f f(x) dx is convergent, then E a, is convergent.

n=1

(b) If j f(x) dx is divergent, then E a, is divergent.

n=l1




== |n order to use the Integral Test we
need to be able to evaluate [;° f(x) dx and
therefore we have to be able to find an
antiderivative of f. Frequently this is difficult
or impossible, so we need other tests for
convergence too.
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NOTE = When we use the Integral Test it is not necessary to start the series or the inte-
gral at n = 1. For instance, in testing the series

1

- W€ use
n=4 (}’l - 3)2

» 1
—dx
L (x — 3)2
Also, it is not necessary that f be always decreasing. What is important is that f be
ultimately decreasing, that is, decreasing for x larger than some number N. Then
Su—n a, is convergent, so >,— a, is convergent by Note 4 of Section 8.2.

EXAMPLE 1 Determine whether the series 2,
n=1 N

converges or diverges.

SOLUTION The function f(x) = (In x)/x is positive and continuous for x > 1 because
the logarithm function is continuous. But it is not obvious whether or not f is
decreasing, so we compute its derivative:

oo x(1/x) —Inx 1 —Inx
f(-x)_ X2 - 2

X

Thus, f'(x) < 0 when In x > 1, that is, x > e. It follows that f is decreasing when
x > e and so we can apply the Integral Test:

rln—xdx—h f—dx lim (l“x)z]

t—o t—%

_ (In2y?
= lim =

t—%

Since this improper integral is divergent, the series > (In n)/n is also divergent by
the Integral Test. BN

EXAMPLE 2 For what values of p is the series E P convergent?
n=1
SOLUTION If p < 0, then lim, ... (1/n”) = . If p = 0, then lim, ... (1/n”) = 1.
In either case lim, ... (1/n”) # 0, so the given series diverges by the Test for
Divergence [see (8.2.7)].
If p > 0, then the function f(x) = 1/x” is clearly continuous, positive, and
decreasing on [ 1, «©). We found in Chapter 5 [see (5.10.2)] that

« 1
fl — dx converges if p > 1 and diverges if p < 1
X

It follows from the Integral Test that the series 3 1/n” converges if p > 1 and
diverges if 0 < p < 1. (For p = 1, this series is the harmonic series discussed in
Example 7 in Section 8.2.) EE

The series in Example 2 is called the p-series. It is important in the rest of this
chapter, so we summarize the results of Example 2 for future reference as follows.

S 1
[1] The p-series — is convergent if p > 1 and divergent if p < 1
n=1 N
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== Standard Series for Use with the
Comparison Test

For instance, the series

M s

1 |
= =1+
n=1 711/3 Zl \3/; ﬁ
is divergent because it is a p-series with p = <1

2; Testing by Comparing

The series
Z 1

reminds us of the series >;—; 1/2", which is a geometric series with a = land r =1
and is therefore convergent. Because the series (2) is so similar to a convergent series,
we have the feeling that it too must be convergent. Indeed, it is. The inequality

1 1
— <
2"+ 1 2"

shows that our given series (2) has smaller terms than those of the geometric series
and therefore all its partial sums are also smaller than 1 (the sum of the geometric
series). This means that its partial sums form a bounded increasing sequence, which
is convergent. It also follows that the sum of the series is less than the sum of the
geometric series:

Ms

2"+1

Similar reasoning can be used to prove the following test, which applies only to
series whose terms are positive. The first part says that if we have a series whose terms
are smaller than those of a known convergent series, then our series is also convergent.
The second part says that if we start with a series whose terms are larger than those
of a known divergent series, then it too is divergent.

The Comparison Test Suppose that = a, and X b, are series with positive terms.
(a) If 2 b, is convergent and a, < b, for all n, then X a, is also convergent.

(b) If = b, is divergent and a, = b, for all n, then X a, is also divergent.

In using the Comparison Test we must, of course, have some known series = b, for
the purpose of comparison. Most of the time we use one of these series:

= A p-series [E 1/n” converges if p > 1 and diverges if p < 1; see (1)]

n—1

- A geometric series [S ar"~' converges if | r| < 1 and diverges if | r| = 1

see (8.2.4)]
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- 5
EXAMPLE 3 Determine whether the series D,

———— converges or diverges.
S o2nt+4n+ 3 £ &

SOLUTION For large n the dominant term in the denominator is 2n?, so we compare the

given series with the series S 5/(2n?). Observe that

5 5
2 <53
2n° +4n + 3 2n

because the left side has a bigger denominator. (In the notation of the Comparison
Test, a, is the left side and b, is the right side.) We know that

5

n=1 2712

M s

5o 1
:Ez_z

=1 N
is convergent (p-series with p = 2 > 1). Therefore

i 5

Sont+4n+ 3

is convergent by part (a) of the Comparison Test. BN

Although the condition a, < b, or a, = b, in the Comparison Test is given for all
n, we need verify only that it holds for n = N, where N is some fixed integer, because
the convergence of a series is not affected by a finite number of terms. This is illus-
trated in the next example.

S Inn
EXAMPLE 4 Test the series », —— for convergence or divergence.
=1 N
SOLUTION We used the Integral Test to test this series in Example 1, but we can also
test it by comparing it with the harmonic series. Observe that Inn > 1 forn = 3
and so

Inn 1
_>_
n n

We know that = 1/n is divergent (p-series with p = 1). Thus, the given series is
divergent by the Comparison Test. EN

NOTE = The terms of the series being tested must be smaller than those of a conver-
gent series or larger than those of a divergent series. If the terms are larger than the
terms of a convergent series or smaller than those of a divergent series, then the Com-
parison Test doesn’t apply. Consider, for instance, the series

The inequality

>
2" —1 2"

is useless as far as the Comparison Test is concerned because > b, = = (%)" is con-
vergent and a, > b,. Nonetheless, we have the feeling that = 1/(2" — 1) ought to be
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convergent because it is very similar to the convergent geometric series > (%)" In such
cases the following test can be used.

The Limit Comparison Test Suppose that > a, and X b, are series with positive
terms. If

ay

lim

n—= b,

c

where c is a finite number and ¢ > 0, then either both series converge or
both diverge.

Although we won’t prove the Limit Comparison Test, it seems reasonable because
for large n, a, = cb,.

< 1
EXAMPLE 5 Test the series -1 for convergence or divergence.
n=1 -

SOLUTION We use the Limit Comparison Test with

1 b 1
a, = _—— n =
2" — 1 2"
and obtain
. ay /2 -1 i 2" . 1
lim — = lim / - )=hm - =lim———=1>0
n—we b, n—e  1/2 n—e 2" — 1 ame 1 —1/2
Since this limit exists and = 1/2" is a convergent geometric series, the given series
converges by the Limit Comparison Test. ERE
y \y=f(x) g: Estimating the Sum of a Series
Suppose we have been able to use the Integral Test to show that a series = a, is con-
vergent and we now want to find an approximation to the sum s of the series.
Of course, any partial sum s, is an approximation to s because lim,_... s, = s. But
Y P how good is such an approximation? To find out, we need to estimate the size of the
remainder
0 n X
ans_s,lzan+1 +an+2+an+3+ e
FIGURE 3 The remainder R, is the error made when s,, the sum of the first n terms, is used as an
approximation to the total sum.
! y=f(x) We use the same notation and ideas as in the Integral Test, assuming that f is
decreasing on [n, ). Comparing the areas of the rectangles with the area under
y = f(x) for x > n in Figure 3, we see that
Rn = dp+1 + An+2 +oeee s jwf(x) d-x
n+1 ay+2 A !
0 o > Similarly, we see from Figure 4 that
Ry=apoi + apa+ o= [
FIGURE 4 et 7 e o F10)
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So we have proved the following error estimate.

[3] Remainder Estimate for the Integral Test Suppose f(k) = ax, where f is a con-
tinuous, positive, decreasing function for x = n and X a, is convergent. If
R, =s — s,, then

f:ﬂ f(x)dx <R, < wa(x) dx

EXAMPLE 6

(a) Approximate the sum of the series S 1/n° by using the sum of the first 10 terms.
Estimate the error involved in this approximation.
(b) How many terms are required to ensure that the sum is accurate to within 0.0005?

SOLUTION In both parts (a) and (b) we need to know [” f(x) dx. With f(x) = 1/x°,
which satisfies the conditions of the Integral Test, we have

r1 i 1 . 1 N 1 1
— dx = 11m — = 11m — - =
n _x3 t—o 2x2 " t—o 2t2 2}’[2 2n2

(a) i +1+1+ +1 1.1975
= g = — _ _— oo — = 1.
“n SRR SR S 10°

According to the remainder estimate in (3), we have

B < r 1 d 1 1

S| —Jdx=——5 =
10 10 x3 2(10)* 200
So the size of the error is at most 0.005.

(b) Accuracy to within 0.0005 means that we have to find a value of n such that
R, = 0.0005. Since

we want < 0.0005

n2
Solving this inequality, we get

1
1> —— =1 > 1 ~ 31.
n 0.001 000 or n 000 = 31.6

We need 32 terms to ensure accuracy to within 0.0005. EE

If we add s, to each side of the inequalities in (3), we get

[4] Sy + rﬂ f)dx<s<s, + fwf(x) dx
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because s, + R, = s. The inequalities in (4) give a lower bound and an upper bound
for s. They provide a more accurate approximation to the sum of the series than the
partial sum s, does.

S 1
EXAMPLE 7 Use (4) with n = 10 to estimate the sum of the series Y, —.
n=1 N

SOLUTION The inequalities in (4) become
w1 » 1
S10+J_3dX$S<S10+f7dX
1 x 10 x°

From Example 6 we know that

1
+——=
SO S10 2(11)2

Using 510 = 1.197532, we get
1.201664 < s < 1.202532

If we approximate s by the midpoint of this interval, then the error is at most half
the length of the interval. So

51
> — =~ 1.2021 with error < 0.0005 e

n=1 N

If we compare Example 7 with Example 6, we see that the improved estimate in
(4) can be much better than the estimate s = s,. To make the error smaller than 0.0005
we had to use 32 terms in Example 6 but only 10 terms in Example 7.

If we have used the Comparison Test to show that a series X a, converges by com-
parison with a series > b,, then we may be able to estimate the sum > a, by compar-
ing remainders, as the following example shows.

EXAMPLE 8 Use the sum of the first 100 terms to approximate the sum of the series
S 1/(n* + 1). Estimate the error involved in this approximation.

SOLUTION Since

1 <L
n+1 nl

the given series is convergent by the Comparison Test. The remainder T, for the
comparison series = 1/n° was estimated in Example 6. There we found that
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Therefore, the remainder R, for the given series satisfies

1
R.<T, <
2n?
With n = 100 we have
1
Ripo < ——— = 0.00005
% 2(100)?

Using a programmable calculator or a computer, we find that

B 1 100

2

S+l S+

with error less than 0.00005.

8.3 Exercises

1
> ~ (.6864538

585

EE

1. Draw a picture to show that
series is convergent or divergent.

DM s

1 <“de i
1.3 Jiox13 X 9. 2 >

What can you conclude about the series?

2 n

n

10.

B3

)

Vn

=2 N — 1

9-10 m Use the Comparison Test to determine whether the

11-26 m Determine whether the series is convergent or

2. Suppose f is a continuous positive decreasing function for
x = 1and a, = f(n). By drawing a picture, rank the follow-
ing three quantities in increasing order: n 1 1 1 1

5
6 ©
flf(x)dx Z}ai [za; ) (54+ 4 )
Z\n n/n

3. Suppose X a, and X b, are series with positive terms and ©
= b, is known to be convergent. 13. X ne™”
(a) If a, > b, for all n, what can you say about = a,? Why?

divergent.

Ma«

(b) If a, < b, for all n, what can you say about = a,? Why? 15 i 1
" nlnn
4. Suppose = a, and X b, are series with positive terms and
3 b, is known to be divergent. 17 S cos’n
(a) If a, > b, for all n, what can you say about = a,? Why? o+
(b) If a, < b, for all n, what can you say about = a,? Why? = 1
5. Tt is important to distinguish between " 21 n4"
© x & 1
. . S 2+ (=1)"
What name is given to the first series? To the second? For 23.
what values of b does the first series converge? For what n=l RV
values of b does the second series converge? i 1
25. >, sin<n>
n=1

6-8 m Use the Integral Test to determine whether the series is
convergent or divergent.

14.

16.

20.

22

n
n=1 n3 + 1
S ont—1
,,gl 3}14 + 1
5 4+ 3
n=1 2"
& 1
,E] n3+1
& 1
n=1 2n + 3
o 1+ sinn
2
n+5
n=1 v n7 + n2

27. Find the values of p for which the following series is

| o1 S 1 .
6. 7. 1 8. convergent: B
ngl % ngl n* nzz:l n®+ 1 2 1

n=2 n(ln n) r
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28. (a) Find the partial sum s, of the series 3;—, 1/n*. Estimate
the error in using s;o as an approximation to the sum of
the series.

(b) Use (4) with n = 10 to give an improved estimate of
the sum.

(c) Find a value of n so that s, is within 0.00001 of the
sum.

29. (a) Use the sum of the first 10 terms to estimate the sum of
the series 3;-, 1/n*. How good is this estimate?

(b) Improve this estimate using (4) with n = 10.

(c) Find a value of n that will ensure that the error in the

approximation s = s, is less than 0.001.

30.

Find the sum of the series ;—; 1/n° correct to three decimal
places.

31
32.

Estimate ;—; n~*? to within 0.01.

How many terms of the series 3;—, 1/[n(In n)?] would you
need to add to find its sum to within 0.01?

33-34 m Use the sum of the first 10 terms to approximate the
sum of the series. Estimate the error.
® 1 . .

34. >

n=1 (n + 1)3”

35.

36.

37.

38.

39.

40.

(a) Use a graph of y = 1/x to show that if s, is the nth par-
tial sum of the harmonic series, then

s =1+1Inn

(b) The harmonic series diverges, but very slowly. Use
part (a) to show that the sum of the first million terms is
less than 15 and the sum of the first billion terms is less
than 22.

Show that if we want to approximate the sum of the series
Se_ n M9 5o that the error is less than 5 in the ninth deci-
mal place, then we need to add more than 10'*"! terms!

The meaning of the decimal representation of a number
0.d\dad; . . . (where the digit d, is one of the numbers 0, 1,
2,...,9)is that

_ dl dz d’;
10 100 10°

Show that this series always converges.

d
+74 + ...

0.d\drdsd, . . . 10°

Find all positive values of b for which the series ;1 b™"
converges.

If 2 a, is a convergent series with positive terms, is it true
that = sin(a, ) is also convergent?

Show that if a, > 0 and = a, is convergent, then
> 1In(l + a,) is convergent.

8.4

Other Convergence Tests

The convergence tests that we have looked at so far apply only to series with positive
terms. In this section we learn how to deal with series whose terms are not necessarily

positive.

N . .
=m Alternating Series

An alternating series is a series whose terms are alternately positive and negative.
Here are two examples:

+

1 1 1 1 1 o 1
l—=—+=——+———=+ -+ = -1 =
2 3 4 5 6 ,Zl( ) n
2 3 4 5 6 < n
—_——_——t — - — 4+ — — ... = —1)"
34 5 6 7 ,Zl( )n+1

1
2

We see from these examples that the nth term of an alternating series is of the form

a, = (—1)""'b,

or a, = (—1)b,

where b, is a positive number. (In fact, b, = |a, |)
The following test says that if the terms of an alternating series decrease to 0 in
absolute value, then the series converges.



== Figure 2 illustrates Example 1

by showing the graphs of the terms
a, = (—1)"""/n and the partial
sums s,,. Notice how the values of s,
zigzag across the limiting value, which
appears to be about 0.7. In fact, it can
be proved that the exact sum of the
series is In 2 = 0.693.
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The Alternating Series Test If the alternating series
S (=1)"'b,=b, — by + by — by + bs — bs + - - - (b, > 0)
n=1

satisfies
1) by =D, for all n

(i) limb, =0

n—o

then the series is convergent.

We won’t present a formal proof of this test, but Figure 1 gives a picture of the idea
behind the proof.

by
+ by
—b,
+ bs
— b,
- HHHH——
FIGURE 1 0 55 54 S s S5 85 51

We first plot s; = b, on a number line. To find s, we subtract b,, so s, is to the left
of s;. Then to find s3 we add b3, so s; is to the right of s,. But, since b3 < b, 53 1s to
the left of s,. Continuing in this manner, we see that the partial sums oscillate back
and forth. Since b, — 0, the successive steps are becoming smaller and smaller. The
even partial sums s, Ss, Se, . . . are increasing and the odd partial sums sy, s3, Ss, . . .
are decreasing. Thus, it seems plausible that both are converging to some number s,
which is the sum of the series.

EXAMPLE 1 The alternating harmonic series

FIGURE 2

1 1 1 S (=1t
1__+___+.: _—
2 3 4 ,El n
satisfies
. 1 1
' (i) bu+1 < b,  because <—
n+1 n
(ii) lim b, = lim — =0
n—ow n—® n
so the series is convergent by the Alternating Series Test. BN
n
S (=1)3
EXAMPLE 2 The series 3 % is alternating, but
n=1 n —
3 3
lim b, = lim ——— = lim ==
e ne Ap — raess 4
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so condition (ii) is not satisfied. Instead, we look at the limit of the nth term of the

series:
. . (=1)"3n
lim a, = lim ——
e now 4n — 1
This limit does not exist, so the series diverges by the Test for Divergence. ER

w 2
EXAMPLE 3 Test the series Y, (—1)""! n3n—+1 for convergence or divergence.
n=1

SOLUTION The given series is alternating so we try to verify conditions (i) and (ii) of
the Alternating Series Test.

Unlike the situation in Example 1, it is not obvious that the sequence given by
b, = n*/(n® + 1) is decreasing. However, if we consider the related function
f(x) = x*(x* + 1), we find that

x(2 —x%)
=T
x> +1)
== |nstead of verifying condition (i) of the Since we are considering only positive x, we see that f'(x) < 0if 2 — x* < 0,

Alternating Series Test by computing a deriva-  that is, x > /2. Thus, f is decreasing on the interval (Q/Z 00). This means that
E;’eus‘l"r’]z Ctﬁglfe‘éﬁ:‘zutzitfzgllj;nb1 g:(rectly f(n + 1) < f(n) and therefore b,+, < b, when n = 2. (The inequality b, < b, can
Example 11 in Section 8.1, be Verlﬁed directly but all that really matters is that the sequence {b,} is eventually
decreasing.)
Condition (ii) is readily verified:

1
, -
lim b, = lim =lim——=0
e now 3 41 aw N 1
n3
Thus, the given series is convergent by the Alternating Series Test. BN

The error involved in using the partial sum s, as an approximation to the total sum
s is the remainder R, = s — s,. The next theorem says that for series that satisfy the
conditions of the Alternating Series Test, the size of the error is smaller than b,.,
which is the absolute value of the first neglected term.

Alternating Series Estimation Theorem If s = = (—1)""'b, is the sum of an alter-
nating series that satisfies

(1) byt =< b, and (i) lim b, =0

then |R:| = |5 = $u| < bua

You can see geometrically why this is true by looking at Figure 1. Notice that
s — 54 < bs, |s — 55| < bs, and so on.

n

EXAMPLE 4 Find the sum of the series Y,

[ correct to three decimal places.
(By definition, 0! = 1.) n=0 7!



== |n Section 8.7 we will prove that

e* = 3n_ox"/n! for all x, so what we have
obtained in Example 4 is actually an approxi-
mation to the number e ~'.

== \We have convergence tests for series

with positive terms and for alternating series.

But what if the signs of the terms switch
back and forth irregularly? We will see in
Example 7 that the idea of absolute conver-
gence sometimes helps in such cases.
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SOLUTION We first observe that the series is convergent by the Alternating Series Test

because

1 1 1
1) by = = <— =,
@ o (n+ 1) nln+1) n

1 1 1
i) 0<—<——0 s0o by=——0a n—>»
n! n n!

To get a feel for how many terms we need to use in our approximation, let’s write
out the first few terms of the series:

1 1 1 1 1 1 1 1

TTor T2 34 st e 7
iR T R e
Notice that by = soi5 < a5 = 0.0002
and ss=1—1+43— ¢+ —m + 0 ~ 0368056

By the Alternating Series Estimation Theorem we know that
|s — s6| =< b7 < 0.0002
This error of less than 0.0002 does not affect the third decimal place, so we have
s =~ 0.368

correct to three decimal places. EN

NOTE - The rule that the error (in using s, to approximate s) is smaller than the first
neglected term is, in general, valid only for alternating series that satisfy the condi-
tions of the Alternating Series Estimation Theorem. The rule does not apply to other
types of series.

g: Absolute Convergence

Given any series = a,, we can consider the corresponding series
2 la| =lai| +|a:| + Jas] + - -
n=1

whose terms are the absolute values of the terms of the original series.

Definition A series > a, is called absolutely convergent if the series of
absolute values = | a, | is convergent.

Notice that if = a, is a series with positive terms, then |a,| = a, and so absolute
convergence is the same as convergence.

EXAMPLE 5 The series

Z (=)t 1
2%:1___}____4_...
n=1 n
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is absolutely convergent because

s Sl

o1 1 1 1
27—1+—+7+I+~~

is a convergent p-series (p = 2). EE
EXAMPLE 6 We know that the alternating harmonic series

st

1
—+
n=1 n 2

1 1
———+
3 4

is convergent (see Example 1), but it is not absolutely convergent because the corre-
sponding series of absolute values is

(=1 ! | 1 1
| =Y —=1+—+=
2 n 2 3

n

)

n=1

+ + .

1
4

n=1
which is the harmonic series (p-series with p = 1) and is therefore divergent. W ¥
Example 6 shows that it is possible for a series to be convergent but not absolutely

convergent. However, the following theorem shows that absolute convergence implies
convergence.

[1] Theorem If a series = a, is absolutely convergent, then it is convergent.

To see why Theorem 1 is true, observe that the inequality
0<a,+|a,| <2|a,l
is true because | a,| is either a, or —a,. If T a, is absolutely convergent, then = | a, |

is convergent, so > 2|a, | is convergent. Therefore, by the Comparison Test,
S (a, + | a,|) is convergent. Then

Ya,=3(an+ a]) - Za|
is the difference of two convergent series and is therefore convergent. EE

EXAMPLE 7 Determine whether the series

= n? - 12 22 32

S cosn cos 1 cos 2 cos 3
> + +

is convergent or divergent.

SOLUTION This series has both positive and negative terms, but it is not alternating.
(The first term is positive, the next three are negative, and the following three are
positive. The signs change irregularly.) We can apply the Comparison Test to the



== Figure 3 shows the graphs of the terms
a, and partial sums s, of the series in

Example 7. Notice that the series is not alter-

nating but has positive and negative terms.

0571
{s.}
{a,}
0 ) n
FIGURE 3
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series of absolute values

)

B |cos n|
)gl n2

cosn
n2

©
2
n=1

Since |cos n| < 1 for all n, we have

[cosn| _ 1

n’ n’

We know that = 1/n* is convergent ( p-series with p = 2) and therefore > | cos n|/n*
is convergent by the Comparison Test. Thus, the given series = (cos n)/n” is
absolutely convergent and therefore convergent by Theorem 1. ENE

!: The Ratio Test

The following test is very useful in determining whether a given series is absolutely
convergent.

The Ratio Test

©

(1) If lim = L < 1, then the series D, a, is absolutely convergent

o
n— ay n=1

Ap+1

(and therefore convergent).

.. . Ap+1 . Ap+1 . &
@i1) If lim Ll =L >1or lim|—| = =, then the series > a,
n—> | dy n—* | dy n=1
is divergent.
. Ap+1 . .. . . .
(ii1) If lim = 1, the Ratio Test is inconclusive; that is, no conclusion
n—ow an

can be drawn about the convergence or divergence of X a,,.

The Ratio Test can be proved by comparing the given series to a geometric series.
It’s understandable that geometric series are involved because, for those series, the
ratio r of consecutive terms is constant and the series converges if | r| < 1. In part (i)
of the Ratio Test, the ratio of consecutive terms isn’t constant but |a,,+1 / a,1| — L so,
for large n, | a,+1/a, | is almost constant and the series converges if L < 1.

NOTE © Part (iii) of the Ratio Test says that if lim,—. | @,+1/a,| = 1, the test gives
no information. For instance, for the convergent series = 1/ n’ we have

1
Qpi 1 (n + 1) n’ 1 | .
= = = — as n—
an 1 (n + 1) 1\2 .
— 1 +—
n n
whereas for the divergent series = 1/n we have
Ant1 n+1 n 1
= = = — 1 as n—
an 1 n+1
n n
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Therefore, if lim, | Ane1/a, | = 1, the series > a, might converge or it might
diverge. In this case the Ratio Test fails and we must use some other test.

o I’L3
EXAMPLE 8 Test the series , (—1)" 3 for absolute convergence.

n=1

SOLUTION We use the Ratio Test with a, = (—1)"n?/3"
(_ 1)n+l(n + 1)'5

Ap+1 o 3"+1 . (Vl + 1)3 3"
a, (_l)nn3 3n+1 n3
3"

1({n+1}) 1 1)\ 1
=—|—)] ==|1+—)] >=<1
3 n 3 n 3

Thus, by the Ratio Test, the given series is absolutely convergent and therefore
convergent. EE

n

EXAMPLE 9 Test the convergence of the series E —.

n=1 n.
== Series that involve factorials or other SOLUTION Since the terms a, = n"/n! are positive, we don’t need the absolute value
products (including a constant raised to the signs.
nth power) are often conveniently tested 1
n ' n ‘
using the Ratio Test. apy _ (n+ DT mt A Dt D" n!
a, n+1)! n (n + Dn! n"

=|1+—] —e as n—>
n n

(see Equation 3.7.6). Since e > 1, the given series is divergent by the Ratio Test.

ER
== \We now have several tests for conver- NOTE - Although the Ratio Test works in Example 9, another method is to use the
gence of series. So, given a series, how do Test for Divergence. Since
you know which test to use? For advice, see
the web site n" nen<-ne+-+-+-+n

a, = = =n
www.stewartcalculus.com n! 1¢2¢3+«---+p
Click Additional Topics and then on . . L
Strategy for Testing Series. it follows that a, does not approach 0 as n — 0. Therefore, the given series is diver-

gent by the Test for Divergence.

8.4 Exercises

1. (a) What is an alternating series?

(b) Under what conditions does an alternating series (¢) lim
converge?

(c) If these conditions are satisfied, what can you say about

n—ow

3-8 m Test the series for convergence or divergence.

the remainder after n terms?

N S S SR S
. 8T 09 0T
2. What can you say about the series = a, in each of the 7 L ! \ ls
following cases? 4 —1+3-1+5-2+4
An+1 An+1 o (=1t w \/};
li = li = (. 5. A= 6. SV L
@ lim == =8 (b) lim | = =08 Z} 7 Zl( '



www.stewartcalculus.com

10.

< 3n—1
. _]n ]nl
7 ngl( ) 2n+1 8 1121( )

9. Is the 50th partial sum ss of the alternating series
Si 1 (=1)"""/n an overestimate or an underestimate of the
total sum? Explain.

Calculate the first 10 partial sums of the series

5 ()
Y 5
n=1 n

and graph both the sequence of terms and the sequence of
partial sums on the same screen. Estimate the error in using
the 10th partial sum to approximate the total sum.

11. For what values of p is the following series convergent?

i (_ 12»171

n=1 n

12-14 m Show that the series is convergent. How many terms of
the series do we need to add in order to find the sum to the indi-
cated accuracy?

122

n=1 5”

13. 2( I)W

(| error| < 0.0001)
(|error| < 0.00005)

4. Y (—1)"'ne™ (|error| < 0.01)
n=1

{4 15-16 m Graph both the sequence of terms and the sequence of

partial sums on the same screen. Use the graph to make a rough
estimate of the sum of the series. Then use the Alternating
Series Estimation Theorem to estimate the sum correct to four
decimal places.

16. 2 —U”

S (=D
15. E (2n)!

L 2n = 1)!

17-18 ™ Approximate the sum of the series correct to four
decimal places.

g( 1)”

o ( 3);1 * n2
19. 20.
ngl n3 nzl 2”
> (710)71 %
21. 22. -1)"
,,go l’l! ngl ( ) n2 + 1

_l)n*l ® zn

23. i(T 24, g{ (_I)HF

25.

27. 3

29.

30.

31

32.

33.

34.

35.

36.
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& 10" S sindn
- 26.
llgl }’l + 1)42n+l 1121 4"
% (—1)"arctan n E (—=1)"*tsnt
= nZ (n + 1)24ll+2
1-3 1:3-5 1:3:5-7
1 - + — +
3! 5! 7!
1+3+5« vn. _
(=1 3-5 2n—1) Y
2n — 1)!
2 2.6 2:-6-10 2:6-10-14
=+ +
5 58 5-8-11 5-8-11-14

The terms of a series are defined recursively by the
equations

Sn+ 1
an+3”

a =2 Ap+1 =

Determine whether = a, converges or diverges.

A series 2 a, is defined by the equations

| 2 + cosn
a, = dps) = ——F=—4d
n \/E n

Determine whether = a, converges or diverges.

For which of the following series is the Ratio Test inconclu-
sive (that is, it fails to give a definite answer)?

S 1
@ X —
n=1 N

© 73 n—1 %0
(© E % () g

For which positive integers k is the following series
convergent?

(n1)’
n=1 (kn)‘

(a) Show that ;- x"/n! converges for all x.
(b) Deduce that lim, ... x"/n! = 0 for all x.

Around 1910, the Indian mathematician Srinivasa
Ramanujan discovered the formula

1_2V2 & S (4n)!(1103 + 26390n)
9801 % (n!)*396*"

William Gosper used this series in 1985 to compute the first

17 million digits of 7.

(a) Verity that the series is convergent.

(b) How many correct decimal places of 7r do you get if
you use just the first term of the series? What if you use
two terms?
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8.5| Power Series

== TRIGONOMETRIC SERIES

A power series is a series in which each term
is a power function. A trigonometric series

®

> (a, cos nx + b, sin nx)

n=0

is a series whose terms are trigonometric fu
tions. This type of series is discussed on the
web site

www.stewartcalculus.com

ne-

Click on Additional Topics and then on Fourier

Series.

== Notice that
m+DN=m+Dnm—1+----3
=(n+ n!

e D .

1

A power series is a series of the form

M s

Cax" = co + cix + ox? A+ x4 -

[0

n=0

where x is a variable and the ¢,’s are constants called the coefficients of the series. For
each fixed x, the series (1) is a series of constants that we can test for convergence or
divergence. A power series may converge for some values of x and diverge for other
values of x. The sum of the series is a function

f(x):CO+C'x+C2x2+"'+C,,x"+~~'

whose domain is the set of all x for which the series converges. Notice that f resembles
a polynomial. The only difference is that f has infinitely many terms.

For instance, if we take ¢, = 1 for all n, the power series becomes the geometric
series

Dx"=1+x+x>+ -+ x"+ -
n=0
which converges when —1 < x < 1 and diverges when | x| = 1 (see Equation 8.2.5).
More generally, a series of the form

0

(2] oedx—a)=co+ci(x—a)+elx —a)?+ -

n=0
is called a power series in (x — a) or a power series centered at a or a power series
about a. Notice that in writing out the term corresponding to n = 0 in Equations 1
and 2 we have adopted the convention that (x — a)® = 1 even when x = a. Notice
also that when x = a all of the terms are 0 for n = 1 and so the power series (2)
always converges when x = a.

%

EXAMPLE 1 For what values of x is the series Y, n!x" convergent?

n=0
SOLUTION We use the Ratio Test. If we let a,, as usual, denote the nth term of the
series, then a, = n!x". If x # 0, we have

Ap+1

[25%

(n+ 1)1x"*!

n!'x"

= lim

n—ow

lim

n—o

=1lim (n + 1)|x| =

By the Ratio Test, the series diverges when x # 0. Thus, the given series converges
only when x = 0. EE

n

o (x
EXAMPLE 2 For what values of x does the series 2, —) converge?

n=1 n
SOLUTION Let a, = (x — 3)"/n. Then
aner || (x = 3)""! n
a, n+1 (x = 3)"
1
=——|x—-3| > |x—-3] asn—w

1
1+—
n
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Notice how closely the computer-generated
model (which involves Bessel functions and
cosine functions) matches the photograph of a
vibrating rubber membrane.
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By the Ratio Test, the given series is absolutely convergent, and therefore conver-
gent, when |x — 3| < 1 and divergent when |x — 3| > 1. Now

x=3|<1 <& —-1<x-3<1 & 2<x<4

so the series converges when 2 < x < 4 and diverges when x < 2 or x > 4.

The Ratio Test gives no information when |x — 3| = 1 so we must consider
x = 2 and x = 4 separately. If we put x = 4 in the series, it becomes = 1/n, the
harmonic series, which is divergent. If x = 2, the series is = (—1)"/n, which con-
verges by the Alternating Series Test. Thus, the given power series converges for
2=x<4 ER

We will see that the main use of a power series is that it provides a way to repre-
sent some of the most important functions that arise in mathematics, physics, and
chemistry. In particular, the sum of the power series in the next example is called a
Bessel function, after the German astronomer Friedrich Bessel (1784—1846), and the
function given in Exercise 23 is another example of a Bessel function. In fact, these
functions first arose when Bessel solved Kepler’s equation for describing planetary
motion. Since that time, these functions have been applied in many different physical
situations, including the temperature distribution in a circular plate and the shape of a
vibrating drumhead.

EXAMPLE 3 Find the domain of the Bessel function of order O defined by

Ry
W = 2 Sy

SOLUTION Let a, = (—1)"x*"/[2*"(n!)*]. Then

(_1)n+1x2(n+l) 22n(n!)2
22(n+1)[(n + 1)‘]2 (_l)nXZn
x2n+2 22”(1’1!)2

222 + 1)2(n!) : 2

An+1

Ay

xZ

m%0<1 for all x
n

Thus, by the Ratio Test, the given series converges for all values of x. In other
words, the domain of the Bessel function Jy is (—o, ) = R. EE

Recall that the sum of a series is equal to the limit of the sequence of partial sums.
So when we define the Bessel function in Example 3 as the sum of a series we mean
that, for every real number x,

. n (_1)ix2i
Jo(x) = lim s5,(x) where su¥) = X 5
e =0 27%(i!)
The first few partial sums are
2 2 4
MW =1 s@=1- e =1
x2 )C4 X6 xz x4 _x6 .xg
=1-——+=- =1-—+=- +
(%) 4 64 2304 4(3) 4 64 2304 147456
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FIGURE 1

Partial sums of the Bessel function J,

FIGURE 2

FIGURE 3

Figure 1 shows the graphs of these partial sums, which are polynomials. They are all
approximations to the function Jo, but notice that the approximations become better
when more terms are included. Figure 2 shows a more complete graph of the Bessel
function.

For the power series that we have looked at so far, the set of values of x for which
the series is convergent has always turned out to be an interval [a finite interval for the
geometric series and the series in Example 2, the infinite interval (—c°, ©) in Example
3, and a collapsed interval [0, 0] = {0} in Example 1]. The following theorem, which
we won’t prove, says that this is true in general.

[3] Theorem For a given power series Y, c¢,(x — a)” there are only three
possibilities: =0

(i) The series converges only when x = a.
(ii) The series converges for all x.

(iii) There is a positive number R such that the series converges if
|x — a| < R and diverges if |x — a| > R.

The number R in case (iii) is called the radius of convergence of the power series.
By convention, the radius of convergence is R = 0 in case (i) and R = % in case (ii).
The interval of convergence of a power series is the interval that consists of all val-
ues of x for which the series converges. In case (i) the interval consists of just a
single point a. In case (ii) the interval is (—o°, o). In case (iii) note that the inequality
|x — a| < R can be rewritten as a — R < x < a + R. When x is an endpoint of the
interval, that is, x = a * R, anything can happen—the series might converge at one
or both endpoints or it might diverge at both endpoints. Thus, in case (iii) there are
four possibilities for the interval of convergence:

(a—R,a+R) (a — R,a + R] [a—R,a+R) [a — R,a + R]

The situation is illustrated in Figure 3.

convergence for |x —a| <R

a—R a a+R

- 1 _ [ —
divergence for |[x —a| >R

We summarize here the radius and interval of convergence for each of the examples
already considered in this section.

Series Radius of convergence Interval of convergence
Geometric series > X" R=1 (—=1,1)
n=0
Example 1 > nlx” R=0 {0}
n=0
o (x —3)
Example 2 > ( ) R=1 [2,4)
n=1 n
Example 3 b R=o (—o, )
xample 3 5 =0 —, 0
! o 2°"(n!)? )
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The Ratio Test can be used to determine the radius of convergence R in most cases.
The Ratio Test always fails when x is an endpoint of the interval of convergence, so
the endpoints must be checked with some other test.

EXAMPLE 4 Find the radius of convergence and interval of convergence of the series

o (_3)nxn

n=0 V1 + 1

SOLUTION Let a, = (—3)"x"/</n + 1. Then

A1 | (=3)"x" o+ 1 B n+1
a, vn+2 (=3)"x" * +2

B 1+ (1/n) . e
—31/—1+(2/n)|x| 3| x| as n

By the Ratio Test, the given series converges if 3 |x| < 1 and diverges if 3| x| > 1.
Thus, it converges if | x| < 5 and diverges if | x| > . This means that the radius of
convergence is R = 3.

We know the series converges in the interval (—%, %), but we must now test for
convergence at the endpoints of this interval. If x = —3j, the series becomes

5 (=3)(=3)" & 1 1 1 1 1
= =—+—=+—=+—F—+ -
,ZO Jn+ 1 n§0\/n+1 VIV2 34
which diverges. (Use the Integral Test or simply observe that it is a p-series with
p=1< 1.) If x = 1, the series is

which converges by the Alternating Series Test. Therefore, the given power series
converges when —1 < x <1, so the interval of convergence is (—%, %] BN

EXAMPLE 5 Find the radius of convergence and interval of convergence of the series

Z n(x +2)"

)

o 3n+l
n=_

SOLUTION If @, = n(x + 2)"/3"*"!, then

a1 | |(n+ Dx +2)"! 3ntl
an 3n+2 n(x + 2)"
1) |x+2] |x + 2]
=({1+— — as n—>®
n 3 3

Using the Ratio Test, we see that the series converges if [x + 2|/3 < 1 and it
diverges if [x + 2|/3 > 1. So it converges if | x + 2| < 3 and diverges if
|x + 2| > 3. Thus, the radius of convergence is R = 3.
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The inequality | x + 2| < 3 can be written as —5 < x < 1, so we test the series
at the endpoints —5 and 1. When x = —35, the series is

iﬂ%%(—l)%

o 3n+l
n=

which diverges by the Test for Divergence [(—1)"n doesn’t converge to 0]. When

x = 1, the series is

PR DY

o 3n+1
n=

which also diverges by the Test for Divergence. Thus, the series converges only

when —5 < x < 1, so the interval of convergence is (=35, 1).

8.5

Exercises

EE

1.
2,

What is a power series?

(a) What is the radius of convergence of a power series?
How do you find it?

(b) What is the interval of convergence of a power series?
How do you find it?

3-18 m Find the radius of convergence and interval of conver-
gence of the series.

20.

Suppose that ;- c,x" converges when x = —4 and
diverges when x = 6. What can be said about the conver-
gence or divergence of the following series?

(@ 2 ¢ ®) S 8"
n=0 n=0
() go c(—3)" (d go (=1)"c,9"

= = (= 1)" 21. If k is a positive integer, find the radius of convergence of
3. 4. e i
Z} \/’; PR the series
_ o (n)*
% _ 1 n—1_n 0 n
5,y (D 6. 3 Jux" 2 k)t
n=1 n- n=1
= x" cyn /A9 22. Graph the first several partial sums s,(x) of the series
i EO n! 8. Zl n3" Sh—o x", together with the sum function f(x) = 1/(1 — x),
on a common screen. On what interval do these partial sums
9, i (=2)"x" 10. S appear to be converging to f(x)?
n=1 \4/2 n=1 5 " n >
w R " o 23. The function J; defined by
1. -1)" 12. -1
Zz =1 4" Inn EO =1 (2n)! o (— 1)y 2!
: (x+ 2" 5 (2" M0 = 2 s iz
13. X (—l)"T H N (x +3)"
=l n n=1 n is called the Bessel function of order 1.
) ., Z n(x —4)" (a) Find its domain.
15. ngl b (x—a), b>0 16. Zl nd+1 a5 (b) Graph the first several partial sums on a common
, screen.
1.3 ni2x — 1) 18 > nox" CAS (c) If your CAS has built-in Bessel functions, graph J; on
n=1 12046+ (2n) the same screen as the partial sums in part (b) and
. . . . . . observe how the partial sums approximate J;.
LIS 4 i , it follow that the followi .
19 o c,4" is convergent, does it follow that the following 24. The function A defined by

series are convergent?

@ 3 -2y ® 3 e(-4y

Alx) =1+

3 x6 x‘)

4 + e
2-3 2:3:5:6 2-3:-5-6-8-9
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is called the Airy function after the English mathematician n = 0. Find the interval of convergence of the series and

and astronomer Sir George Airy (1801-1892). find an explicit formula for f(x).

(a) Find the domain of the Airy function.

(b) Graph the first several partial sums s,(x) on a common 26. If f(x) = S0 c,x", where 44 = ¢, for all n = 0, find the
screen. interval of convergence of the series and a formula for f(x).

(c) If your CAS has built-in Airy functions, graph A on the
same screen as the partial sums in part (b) and observe
how the partial sums approximate A.

25. A function f is defined by

f)=1+2x+x>+2x  +x*+---

27. Suppose the series = ¢,x" has radius of convergence 2 and
the series = d,x" has radius of convergence 3. What is the
radius of convergence of the series > (¢, + d,)x"?

28. Suppose that the radius of convergence of the power series
3 ¢,x" is R. What is the radius of convergence of the power

that is, its coefficients are ¢,, = 1 and ¢,,+; = 2 for all series 3 ¢, x"?

= = A geometric illustration of Equation 1 is
shown in Figure 1. Because the sum of a
series is the limit of the sequence of partial
sums, we have

= lim s,(x)
1 —x n—o

where
s(x) =1+ x+ x>+ +x"
is the nth partial sum. Notice that as n

increases, s,(x) becomes a better approxima-
tionto f(x) for =1 < x < 1.

FIGURE 1

flo)= ix and some partial sums

8.6 Representations of Functions as Power Series

In this section we learn how to represent certain types of functions as sums of power
series by manipulating geometric series or by differentiating or integrating such a
series. You might wonder why we would ever want to express a known function as a
sum of infinitely many terms. This strategy is useful for integrating functions that
don’t have elementary antiderivatives, for solving differential equations, and for
approximating functions by polynomials. (Scientists do this to simplify the expres-
sions they deal with; computer scientists do this to represent functions on calculators
and computers.)
We start with an equation that we have seen before:

1
1 —x

(1]

=l+x+x2+x+--=2x"  |x|<I
n=0

We first encountered this equation in Example 5 in Section 8.2, where we obtained it
by observing that the series is a geometric series with ¢ = 1 and r = x. But here our
point of view is different. We now regard Equation 1 as expressing the function
f(x) = 1/(1 — x) as a sum of a power series.
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== |t's legitimate to move x* across the

sigma sign because it doesn’t depend on n.

[Use Theorem 8.2.8(i) with ¢ = x* ]

EXAMPLE 1 Express 1/(1 + x?) as the sum of a power series and find the interval of

convergence.

SOLUTION Replacing x by —x? in Equation 1, we have

1 1 &
T+ - () 5

=2 (—1)x"=1—-x>+x"—x0+x%—---
n=0

Because this is a geometric series, it converges when | —x*| < 1, that is, x> < 1, or
|x| < 1. Therefore, the interval of convergence is (—1, 1). (Of course, we could
have determined the radius of convergence by applying the Ratio Test, but that much
work is unnecessary here.) EE

EXAMPLE 2 Find a power series representation for 1/(x + 2).

SOLUTION In order to put this function in the form of the left side of Equation 1 we
first factor a 2 from the denominator:

1 1 1

) )]

1< S T )
=5¥( ) DT

= 2n+l

This series converges when | —x/2| < 1, that is, | x| < 2. So the interval of conver-
gence is (—2, 2). EE

EXAMPLE 3 Find a power series representation of x*/(x + 2).

SOLUTION Since this function is just x* times the function in Example 2, all we have
to do is to multiply that series by x*:

Another way of writing this series is as follows:

3 ( 1)11 1
E n— 2 ”
X + n=3 2
As in Example 2, the interval of convergence is (—2, 2). Nl

g: Differentiation and Integration of Power Series

The sum of a power series is a function f(x) = =, c.(x — a)" whose domain is the
interval of convergence of the series. We would like to be able to differentiate and inte-
grate such functions, and the following theorem (which we won’t prove) says that we



== |n part (ii), [ codx = cox + Cy is written
as co(x — a) + C,where C = C; + aco, SO
all the terms of the series have the same form.

== The idea of differentiating a power series
term by term is the basis for a powerful
method for solving differential equations. See
the web site

www.stewartcalculus.com

Click on Additional Topics and then on Using
Series to Solve Differential Equations.
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can do so by differentiating or integrating each individual term in the series, just as we
would for a polynomial. This is called term-by-term differentiation and integration.

[2] Theorem If the power series = ¢,(x — a)" has radius of convergence R > 0,
then the function f defined by

0

f=cot+alx—a) +ax—al+- =2 clx—a)

n=0

is differentiable (and therefore continuous) on the interval (@ — R, a + R) and

(1) f/(x) = Ci + ZCQ(X - Cl) + 3C3(x — a)z + .= i ncn(x _ a)nfl
n=1
_ 2 _ 3
(ii) jf(x)dx=C+co(x—a)+c1 (x — a) +02(x @) N
2 3
. o (X _ a)n+l
o yzo @ n+1

The radii of convergence of the power series in Equations (i) and (ii) are both R.

NOTE1 - Equations (i) and (ii) in Theorem 2 can be rewritten in the form

.. d
(i) —

: [2 e — a>"] =3 Ll - o]
X

n=0 n=0 dx

@iv) f |:nio co(x — a)”]dx = rgoj culx — a)'dx

We know that, for finite sums, the derivative of a sum is the sum of the derivatives and
the integral of a sum is the sum of the integrals. Equations (iii) and (iv) assert that the
same is true for infinite sums, provided we are dealing with power series. (For other
types of series of functions the situation is not as simple; see Exercise 34.)

NOTE2 - Although Theorem 2 says that the radius of convergence remains the same
when a power series is differentiated or integrated, this does not mean that the inter-
val of convergence remains the same. It may happen that the original series converges
at an endpoint, whereas the differentiated series diverges there. (See Exercise 35.)

EXAMPLE 4 In Example 3 in Section 8.5 we saw that the Bessel function

M =3 CDE

= 22n(n!)2

is defined for all x. Thus, by Theorem 2, J; is differentiable for all x and its deriva-
tive is found by term-by-term differentiation as follows:

J(;)(x) _ ii (_l)nx2n B i (_l)nznxbrl

Sodx 2 A 22(n)? EE
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V| EXAMPLE 5 Express 1/(1 — x)* as a power series by differentiating Equation 1. What

is the radius of convergence?

SOLUTION Differentiating each side of the equation

1 w
=1+x+x2+x3+---22x”
l_x n=0
1 2 S n—1
we get ————=1+2x+3x%+ = nx
(1_.X) n=1

If we wish, we can replace n by n + 1 and write the answer as

—(1 —1x)2 = go (I’l + l)x”

According to Theorem 2, the radius of convergence of the differentiated series is the
same as the radius of convergence of the original series, namely, R = 1. BN

EXAMPLE 6 Find a power series representation for In(1 — x) and its radius of
convergence.

SOLUTION We notice that, except for a factor of —1, the derivative of this function is
1/(1 — x). So we integrate both sides of Equation 1:

1
—1n(1—x)=J1_xdx=f(1+x+x2+~--)dx
x2 x3 o xn+1
— Xt C= +C
EPREE 2T

X
+C |x|<1
n

To determine the value of C we put x = 0 in this equation and obtain
—In(l — 0) = C. Thus, C = 0 and

X X S X
In(l —x)=—x—————"-- = - <1
nl =) = —x = P
The radius of convergence is the same as for the original series: R = 1. EE
Notice what happens if we put x = 3 in the result of Example 6. Since In ; = —In 2,
we see that
1 1 1 1 |
n2=—+—4+—+—+ =y —
2 8 24 o4 =1 n2"

EXAMPLE 7 Find a power series representation for f(x) = tan 'x.

SOLUTION We observe that f'(x) = 1/(1 + x?) and find the required series by inte-
grating the power series for 1/(1 4+ x?) found in Example 1.

1
tan_'x=Jﬁdx=f(l — x>+ xt—xf+ - )dx
X

X X
—CHx-—
T3 s T



== The power series for tan™'x obtained
in Example 7 is called Gregory's series after
the Scottish mathematician James Gregory
(1638—1675), who had anticipated some of
Newton’s discoveries. We have shown that
Gregory's series is valid when —1 < x < 1,
but it turns out (although it isn't easy to
prove) that it is also valid when x = *1.
Notice that when x = 1 the series becomes

T 1 1 1

—_— =]l -4 — — =+ ..

4 35 7
This beautiful result is known as the Leibniz
formula for 7.

= = This example demonstrates one way in
which power series representations are
useful. Integrating 1/(1 + x7) by hand is
incredibly difficult. Different computer algebra
systems return different forms of the answer,
but they are all extremely complicated. (If you
have a CAS, try it yourself.) The infinite series
answer that we obtain in Example 8(a) is
actually much easier to deal with than the
finite answer provided by a CAS.
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To find C we put x = 0 and obtain C = tan ' 0 = 0. Therefore

x3 x5 x7 >
t =1, -+ = — 4 ... = —1)"
an x X 3 5 7 ng()( )

x2n+l

2n + 1

Since the radius of convergence of the series for 1/(1 + x?) is 1, the radius of con-
vergence of this series for tan”'x is also 1. EE

EXAMPLE 8
(a) Evaluate [ [1/(1 + x7)]dx as a power series.

(b) Use part (a) to approximate |, [1/(1 + x7)]dx correct to within 107"
SOLUTION

(a) The first step is to express the integrand, 1/(1 + x7), as the sum of a power
series. As in Example 1, we start with Equation 1 and replace x by —x”:

1 1 °°
1+ x7

Now we integrate term by term:

Tn+1

[l S Cowra=ce S o

n=0 n + 1
xS x|5 x22
—CHx——+"—=-"+
TR s

This series converges for | —x’| < 1, that is, for

x| <1

(b) In applying the Evaluation Theorem it doesn’t matter which antiderivative we
use, so let’s use the antiderivative from part (a) with C = 0:

os 1 xb o xB X2 2
=y
fo I R ST B )

0

1 1 1

— + j—
15-2%5  22.2%2

1 (—1)
2 8- 28

T n + )2

This infinite series is the exact value of the definite integral, but since it is an alter-
nating series, we can approximate the sum using the Alternating Series Estimation
Theorem. If we stop adding after the term with n = 3, the error is smaller than the
term with n = 4:

1
o on = 64X 107"
2909 O 0
So we have
f‘”%d L1t o, ~ 049951374
o 1+ a7 2 8-2°  15-25 22.22 Em
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8.6 Exercises

1. If the radius of convergence of the power series =,—o ¢, x"
is 10, what is the radius of convergence of the series
Sr_ i nex"'? Why?

2. Suppose you know that the series 3;—o b,x" converges for

| x| < 2. What can you say about the following series? Why?

bn
0n+1

xn+l

DM s

n

3-10 m Find a power series representation for the function and
determine the interval of convergence.

3 = L=
5. /() == 6. /() =g
7.f(x):x15 8. f(x):4x):-l
9. () = 5= 10. f(x)=a%xg

11. (a) Use differentiation to find a power series representation
for
1

f(x)=m

What is the radius of convergence?
(b) Use part (a) to find a power series for

1

f(x)=m

(c) Use part (b) to find a power series for

2

fo) = 1+ x?
12. (a) Find a power series representation for f(x) = In(1 + x).
What is the radius of convergence?
(b) Use part (a) to find a power series for
f(x) = xIn(1 + x).
(c) Use part (a) to find a power series for f(x) = In(x* + 1).

13-16 ™ Find a power series representation for the function and
determine the radius of convergence.

xZ
13. f(x) = In(5 — x) 4. f(x) = 0 =227

3

ﬁ 16. f(x) = arctan(x/3)

15. f(x) =

{9 17-20 m Find a power series representation for f, and graph f

and several partial sums s,(x) on the same screen. What happens
as n increases?

17. f(x) = In(3 + x)

19. f(x) = ln(1 hl x)
—x

B /0 ="57%5

1 20. f(x) = tan '(2x)

21-24 m Evaluate the indefinite integral as a power series.
What is the radius of convergence?
In(1 — 1)

2. fﬁdt 22, J“fdz

_ -1
2. | %dx 2. [ 1an'(x?)d

25-28 m Use a power series to approximate the definite integral
to six decimal places.

5 [

0.4 4
o 26. | in(1 + x*) dx

27. J‘OO'] x arctan(3x) dx

2
0.3 X
28. L T+ 5 dx

29. Use the result of Example 6 to compute In 1.1 correct to
five decimal places.

30. Show that the function

& D
&) _Eo (2n)!

is a solution of the differential equation
S+ fx) =0

31. (a) Show that J, (the Bessel function of order 0 given in
Example 4) satisfies the differential equation

X2 JY(x) + xJ§(x) + x2Jo(x) =0
(b) Evaluate ‘01 Jo(x) dx correct to three decimal places.

32. The Bessel function of order 1 is defined by

Jl(x) _ i (_l)ann-H

i nl(n + 1)122*!
(a) Show that J; satisfies the differential equation
XA(x) + xJ/(x) + (x* = DJi(x) =0

(b) Show that J5(x) = —J,(x).
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33. (a) Show that the function (b) Find the sum of each of the following series.

Fo) = i x:' (i) g nx", x| <1 (ii) ”21 >

n=0 N

(c) Find the sum of each of the following series.
is a solution of the differential equation

f'x) = f(x)

(b) Show that f(x) = e*. (ii) E ,
n=2 2" n=1 2"

(i) in(n - Dx", x| <1
n=2

34. Let f,(x) = (sin nx)/n* Show that the series = f,(x)
converges for all values of x but the series of derivatives
> f/(x) diverges when x = 2nr, n an integer. For what val-
. " f)
ues of x does the series = f;/(x) converge? 7=2J3 2

37. Use the power series for tan ~'x to prove the following
expression for 7 as the sum of an infinite series:

(2 + 1)3"
35. Let
38. (a) By completing the square, show that

x"

=35

n? 1/2 dx _
fo -x+1 33
Find the intervals of convergence for f, f', and f".
(b) By factoring x* + 1 as a sum of cubes, rewrite the inte-
gral in part (a). Then express 1/(x* + 1) as the sum of
a power series and use it to prove the following formula

> nx"! |x| <1 for r:
n=1
ME(;)( 2 1 )
n=0

36. (a) Starting with the geometric series =, x", find the sum
of the series

4 3n + 1 3n+2

8.7 Taylor and Maclaurin Series

In the preceding section we were able to find power series representations for a cer-
tain restricted class of functions. Here we investigate more general problems: Which
functions have power series representations? How can we find such representations?

We start by supposing that f is any function that can be represented by a power
series.

1 fW=ctax—a) +ax—-—a’+ax—a’+ax—a*+--- |x—a|<R

Let’s try to determine what the coefficients ¢, must be in terms of f. To begin, notice
that if we put x = a in Equation 1, then all terms after the first one are 0 and we get

fla) = co
By Theorem 8.6.2, we can differentiate the series in Equation 1 term by term:
[2] f'(x) =c +2c(x —a) + 3c3(x — a)* + des(x —a) + - - |[x —a| <R

and substitution of x = a in Equation 2 gives

f/(a) = (i
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Now we differentiate both sides of Equation 2 and obtain

3] f"(x) =2+ 2 3cs(x —a) +3-da(x —a)* + -+ |x —a| <R

Again we put x = a in Equation 3. The result is

(@) = 2c,
Let’s apply the procedure one more time. Differentiation of the series in Equation 3
gives
4] f"(x)=2+3c;+2+3-4cslx—a) +3-4-5c5x—a)f+--- |x —a| <R

and substitution of x = a in Equation 4 gives
f"(a) =2+ 3c; =3l

By now you can see the pattern. If we continue to differentiate and substitute x = a,
we obtain

f™a)=2-3+4----nc,=nlc,
Solving this equation for the nth coefficient c,, we get

_ /")

n!

n

This formula remains valid even for n = 0 if we adopt the conventions that 0! = 1 and
f = f. Thus, we have proved the following theorem.

[5] Theorem If f has a power series representation (expansion) at a, that is, if

©

f)=elx—a" |x—a|<R

n=0

then its coefficients are given by the formula

_ ")

C
n !

Substituting this formula for ¢, back into the series, we see that if f has a power
series expansion at a, then it must be of the following form.

6] f=2

n=0

(x —a)

S f"(a)
n!

= fla) +




== The Taylor series is named after the Eng-
lish mathematician Brook Taylor (1685—1731)
and the Maclaurin series is named in honor of
the Scottish mathematician Colin Maclaurin
(1698—1746) despite the fact that the Maclau-
rin series is really just a special case of the
Taylor series. But the idea of representing
particular functions as sums of power series
goes back to Newton, and the general Taylor
series was known to the Scottish mathemati-
cian James Gregory in 1668 and to the Swiss
mathematician John Bernoulli in the 1690s.
Taylor was apparently unaware of the work of
Gregory and Bernoulli when he published his
discoveries on series in 1715 in his book
Methodus incrementorum directa et inversa.
Maclaurin series are named after Colin
Maclaurin because he popularized them

in his calculus textbook Treatise of Fluxions
published in 1742.

SECTION 8.7 TAYLOR AND MACLAURIN SERIES m 607

The series in Equation 6 is called the Taylor series of the function f at a (or about
a or centered at a). For the special case a = 0 the Taylor series becomes

=3 L0 g+ LO SO

n=0 n‘

+ ..

This case arises frequently enough that it is given the special name Maclaurin series.

NOTE - We have shown that if f can be represented as a power series about a, then
f is equal to the sum of its Taylor series. But there exist functions that are not equal
to the sum of their Taylor series. An example of such a function is given in Exercise 56.

EXAMPLE 1 Find the Maclaurin series of the function f(x) = ¢* and its radius of
convergence.

SOLUTION If f(x) = e”, then f™(x) = e*, so f™(0) = ¢° = 1 for all n. Therefore, the
Taylor series for f at O (that is, the Maclaurin series) is

o0 (n) ©
$ 170 L3

n=0 n'

To find the radius of convergence we let a, = x"/n!. Then

xn+l l’l'

(n+ 1) Ty

B 1 B
n+1

An+1

a,

so, by the Ratio Test, the series converges for all x and the radius of convergence
is R = o, ERN

The conclusion we can draw from Theorem 5 and Example 1 is that if e* has a
power series expansion at 0, then

So how can we determine whether e does have a power series representation?

Let’s investigate the more general question: Under what circumstances is a func-
tion equal to the sum of its Taylor series? In other words, if f has derivatives of all
orders, when is it true that

o (n)
=3 = ar

As with any convergent series, this means that f(x) is the limit of the sequence of par-
tial sums. In the case of the Taylor series, the partial sums are

n f(i )( Cl)

Tu(x) = 2 T

i=0

(x —a)

=fla) +

fa) x—a)+ f(a) (x—aP+ -+ f<")'(a) (x —a)

1! 2! n
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Y= Ty(x)

y=e"

y=Tix)

\ y=T,(x)
,1)

y=Tx)

{ T5(x)

y=1;

FIGURE 1

X

== As n increases, T,(x) appears to approach
e* in Figure 1. This suggests that e* is equal to
the sum of its Taylor series.

Notice that 7, is a polynomial of degree n called the nth-degree Taylor polynomial
of f at a. For instance, for the exponential function f(x) = e*, the result of Example 1
shows that the Taylor polynomials at O (or Maclaurin polynomials) with n = 1, 2, and
3 are

x’ x* X
Ti(x)=1+x Tz(x)=1+x+? T3(x)=1+x+?+?

The graphs of the exponential function and these three Taylor polynomials are drawn
in Figure 1.
In general, f(x) is the sum of its Taylor series if

f(x) = lim T,(x)
If we let

R.(x) = f(x) — Tu(x) so that f(x) = T\(x) + R.(x)

then R,(x) is called the remainder of the Taylor series. If we can somehow show that
lim, - R.(x) = 0, then it follows that

lim 7,(x) = lim [f(x) = R,(x)] = f(x) — lim R,(x) = f(x)

We have therefore proved the following.

Theorem If f(x) = T,(x) + R.(x), where T, is the nth-degree Taylor poly-
nomial of f at a and
lim R,(x) = 0

for |x — a| < R, then f is equal to the sum of its Taylor series on the interval
|x —a| <R

In trying to show that lim, ... R,(x) = 0 for a specific function f, we usually use
the following fact.

[9] Taylor's Inequality If | f“*"(x)| < M for |x — a| < d, then the remainder
R,(x) of the Taylor series satisfies the inequality

|R,(x)| < |x —a|™! for |[x —a|<d

(n+ 1)

To see why this is true for n = 1, we assume that | f”(x) | < M. In particular, we
have f"(x) < M, so for a < x < a + d we have

Lx (1) dr < LXM dt

An antiderivative of f” is f’, so by the Evaluation Theorem, we have

F'&) = fl@)=sMx—a or  fix)=fla)+Mx—a)
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== Ags alternatives to Taylor's Inequality, we jxf’(t) dt = jx [f'(a) + M(t — a)] dt
have the following formulas for the remainder “ “
term. If £**Vis continuous on an interval /

2
dx €1, th X —a
L 10 = fl@) = @ — a) + m 22
Rix) = — [ (x = 0" (1) dt
n! Ja
This is called the integral form of the remain- f(x) — fla) — flla)(x — a) < M (x — a)?
der term. Another formula, called Lagrange’s 2
form of the remainder term, states that there
is a number z between x and a such that Ri(x) = f(x) — T(x) = f(x) — fla) — f(a)(x — a)
(n+1)(z)
R = S5 o y
n ! M _ N
R(x)<s—(x—a)
This version is an extension of the Mean Value 2
Theorem (which is the case n = 0).
Proofs of these formulas, together with f'(x)=—M
discussions of how to use them to solve the
examples of Sections 8.7 and 8.9, are given on M
the web site Ri(x) = Y (x — a)?
www.stewartcalculus.com
. . . M 2
Click on Additional Topics and then on |R1(x) | S |x —a |
Formulas for the Remainder Term in 2
Taylor series.
xX>a
x<a
n=1
n+1
n=2
lim— =0
n—ew pl
> x"/n!
X n
e’
flx) = e Sr(x) = e
|x| <d | f"(x) | = e < e a=0 M=¢'
ed
R(x)| < ————|x|""' x| <d
| R.(0) | (n+1)zH | x|
M=e?
) x n+1
[x|""" = e lim | =0

(n+ 1)! pme (n+ 1)1


www.stewartcalculus.com
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== |n 1748 Leonard Euler used Equation 12
to find the value of e correct to 23 digits. In
2003 Shigeru Kondo, again using the series
in (12), computed e to more than fifty billion
decimal places. The special techniques
employed to speed up the computation are
explained on the web page

numbers.computation.free.fr

It follows from the Squeeze Theorem that lim,, ... | R.(x) | = ( and therefore
lim,—.R,(x) = 0 for all values of x. By Theorem 8, ¢* is equal to the sum of its
Maclaurin series, that is,

for all x
n!

i =3
n=0

ER

In particular, if we put x = 1 in Equation 11, we obtain the following expression for
the number e as a sum of an infinite series:

& 1 1
[12] e=2 =1+ttt

EXAMPLE 3 Find the Taylor series for f(x) = e*ata = 2.

SOLUTION We have f"(2) = ¢? and so, putting ¢ = 2 in the definition of a Taylor
series (6), we get

o (n) o 2
Efn—fz)(x—z)"= S S w2y

n=0 n=0 M:

Again it can be verified, as in Example 1, that the radius of convergence is R = .
As in Example 2 we can verify that lim,—.. R,(x) = 0, so

82

Mg

[13] e’ = (x —2) for all x

! ER

S

0

n

We have two power series expansions for e, the Maclaurin series in Equation 11
and the Taylor series in Equation 13. The first is better if we are interested in values
of x near 0 and the second is better if x is near 2.

EXAMPLE 4 Find the Maclaurin series for sin x and prove that it represents sin x for
all x.

SOLUTION We arrange our computation in two columns as follows:
f(x) = sin x f(0)=0
f'(x) = cos x f0)=1
f"(x) = —sinx f"0)=0
f"(x) = —cos x f"0) = —1
F¥(x) = sin x f90) =0

Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as
follows:

£0) o)y ,  f"0) ,
TEE R T TR

£0) + oo
X X © x2n+l

= _— gt — — — 4 .. = _1 n_____

S YR TR T EO( G )



== Figure 2 shows the graph of sin x
together with its Taylor (or Maclaurin)
polynomials

Ti(x) = x
3
X
T5(x) = x — 3r
x* X’
Ts(x) =X — ; + ?

Notice that, as n increases, 7,(x) becomes
a better approximation to sin x.

y
T
1 +
T;

y=sin x

FIGURE 2

== The Maclaurin series for e*, sin x, and
cos x that we found in Examples 2, 4, and 5
were discovered, using different methods, by
Newton. These equations are remarkable
because they say we know everything about
each of these functions if we know all its
derivatives at the single number 0.
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Since £"*Y(x) is =sin x or *cos x, we know that | f"*"(x)| < 1 for all x. So we
can take M = 1 in Taylor’s Inequality:

n+1

_M
(n+ 1)

|x]

|R.(x)] < Y

|xn+1| _

By Equation 10 the right side of this inequality approaches 0 as n — %, so
| R,(x) |— 0 by the Squeeze Theorem. It follows that R,(x) — 0 as n — 0, s0 sin x
is equal to the sum of its Maclaurin series by Theorem 8. ERN

We state the result of Example 4 for future reference.

3 5 7
. X X X
i sinx —x =SSt
® x2n+|

for all x

I
4
—_~~

|

p—
SN—
=

EXAMPLE 5 Find the Maclaurin series for cos x.

SOLUTION We could proceed directly as in Example 4 but it’s easier to differentiate
the Maclaurin series for sin x given by Equation 15:

d . d x> X X
cosx=—(sinx)=—|x——+— — —

dx dx 3! 5! 7!
3x2 sxt 7« x2 xt X
=1 - - R e E .
30 s TIPS

Since the Maclaurin series for sin x converges for all x, Theorem 8.6.2 tells us that
the differentiated series for cos x also converges for all x. Thus

x xt X
cosx=1—2—!+4—!—a+---
® x2n
= 20(—1)" (2! for all x
Fr

EXAMPLE 6 Find the Maclaurin series for the function f(x) = x cos x.

SOLUTION Instead of computing derivatives and substituting in Equation 7, it’s easier
to multiply the series for cos x (Equation 16) by x:

x2n+1

(2n)!

2n

x N n
Qn)! Eo(_ D

xcosx =x 2 (—1)"

n=0 BN

EXAMPLE 7 Represent f(x) = sin x as the sum of its Taylor series centered at 7r/3.
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== \We have obtained two different series
representations for sin x, the Maclaurin
series in Example 4 and the Taylor series in
Example 7. It is best to use the Maclaurin
series for values of x near 0 and the Taylor
series for x near 7r/3. Notice that the third
Taylor polynomial 75 in Figure 3 is a good
approximation to sin x near 7r/3 but not as
good near 0. Compare it with the third
Maclaurin polynomial 75 in Figure 2, where
the opposite is true.

y

y=sinx

=]
IEE

FIGURE 3

Important Maclaurin series and
their intervals of convergence

SOLUTION Arranging our work in columns, we have

() = sin x f(%) =
F1(x) = cos x f (%) =
£ = =sin x f(%) - —?

and this pattern repeats indefinitely. Therefore, the Taylor series at 77/3 is

w>+ﬁ(xz)+ﬁ<xz>z+ﬁ<x§>3+...

3 1 3 2! 3

3
V3 1 T V3 m\? 1 m\?
=—+t—— x| \x—=) ~—7—\(x——) +---
2 21! 3 22! 3 23! 3

The proof that this series represents sin x for all x is very similar to that in Example 4.
[Just replace x by x — /3 in (14).] We can write the series in sigma notation if we
separate the terms that contain /3:

) B ® (_1)n\/§ _1 2n ® (_1)n _1 2n+1
sinx = 2, 2(2n)! <x 3) +,§02(2n+1)!(x 3) T

The power series that we obtained by indirect methods in Examples 5 and 6 and
in Section 8.6 are indeed the Taylor or Maclaurin series of the given functions
because Theorem 5 asserts that, no matter how we obtain a power series representa-
tion f(x) = 2 ¢,(x — a)", itis always true that ¢, = " (a)/n!. In other words, the coef-
ficients are uniquely determined.

We collect in the following table, for future reference, some important Maclaurin
series that we have derived in this section and the preceding one.

S

11x=n§0x"=1+x+xz+x3+ (-1,D
e*=§oz—:=1+v+;—j+3—:+ (o0, )
Smx:éo(_ N (2;2r11)! - )36_?+)56_j_)7c_:+ (=)
cosx=§,0(—l)" (;2;' =1 —;—j 4—?—)66—:)—# (—o0, 0
tan'x=’§0(—1)"%=x—§+§—%7+~-- [—1,1]




- Module 8.7/8.9 enables you to see
T‘_j how successive Taylor polynomials
approach the original function.

== We can take C = 0 in the antiderivative

in part (a).
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One reason that Taylor series are important is that they enable us to integrate func-
tions that we couldn’t previously handle. In fact, in the introduction to this chapter we
mentioned that Newton often integrated functions by first expressing them as power
series and then integrating the series term by term. The function f(x) = e~ can’t be
integrated by techniques discussed so far because its antiderivative is not an elemen-
tary function (see Section 5.8). In the following example we use Newton’s idea to inte-
grate this function.

EXAMPLE 8
(a) Evaluate f e " dx as an infinite series.

(b) Evaluate J(; e~ dx correct to within an error of 0.001.
SOLUTION
(a) First we find the Maclaurin series for f(x) = ¢ . Although it’s possible to use

the direct method, let’s find it simply by replacing x with —x? in the series for e*
given in the table of Maclaurin series. Thus, for all values of x,

|

n=0 n. n=0 n! l' 2' 3’

Now we integrate term by term:

. 52 o 6 nxzn
Je dx—j(l—ﬁ+5—§+'--+(—l) n!+--‘>dx
x3 x5 x7 2n+1
=C+x-— + —~ b (D)
ST TR I TR Y V) o o

X

This series converges for all x because the original series for e converges for all x.

(b) The Evaluation Theorem gives

1 2 x3 XS x7 )Cg !
Le e N T T TR P TIr SO TR

-1t _ . _
=l-3+ti5—2t 6

~1—3+1— 5+~ 07475

The Alternating Series Estimation Theorem shows that the error involved in this
approximation is less than

1 1
— = ——<0.001
11 - 5! 1320 EE

Another use of Taylor series is illustrated in the next example. The limit could be
found with I’Hospital’s Rule, but instead we use a series.

e —1—x

2

EXAMPLE 9 Evaluate 1irr(1)
x— X
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SOLUTION

== Some computer algebra systems compute
limits in this way.

Using the Maclaurin series for e*, we have

X xr X
1+ =+ +

et —1—x 1! 2! 3!
lim > = >
x—0 X x—0 X
x2 3 .X4
— =+ +
2! 3! 4!
= lim 3
x—0 X

because power series are continuous functions.

g: Multiplication and Division of Power Series

ER

If power series are added or subtracted, they behave like polynomials (Theorem 8.2.8
shows this). In fact, as the following example illustrates, they can also be multiplied
and divided like polynomials. We find only the first few terms because the calculations
for the later terms become tedious and the initial terms are the most important ones.

EXAMPLE 10 Find the first three nonzero terms in the Maclaurin series for (a) ¢* sin x
and (b) tan x.

SOLUTION

(a) Using the Maclaurin series for e* and sin x in the table on page 612, we have

.. X X2 x3 X
e‘smx=11+—+"—-4+"4+ - lx=-=44--

1! 2! 3!

)

We multiply these expressions, collecting like terms just as for polynomials:

Thus

l+x+%x2+éx3+--~

. 1
e“sinx=x+ x>+ 3x> + -

(b) Using the Maclaurin series in the table, we have

x X
. [ — + —_— e
sin x 3! 5!
tan x = = 7 "
CoS X X X
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We use a procedure like long division:

1 2
x+gx3+ gxs-i-"'

_ 1.2 14 L. 1.3 [
1 —3x° + 5x )x X7+ X

Thus

1
X = 3X7 Tt oggx’ — e

1.3 _ 1.5
3 30X+
1 1
3 — gxs-l-
Sx° +
1 2
tanx = x + 3x° + 557+ - EE

Although we have not attempted to justify the formal manipulations used in Exam-
ple 10, they are legitimate. There is a theorem which states that if both f(x) = I ¢,x"
and g(x) = = b,x" converge for | x| < R and the series are multiplied as if they were
polynomials, then the resulting series also converges for |x| < R and represents
f(x)g(x). For division we require b, # 0; the resulting series converges for sufficiently

small |x|.

8.7/ Exercises

1. If f(x) = Sh—o b,(x — 5)" for all x, write a formula for bs.
2. (a) The graph of f is shown. Explain why the series
1.6 -08x—1)+04x—1>*—-01(x —17°+---
is not the Taylor series of f centered at 1.

y

(b) Explain why the series
28 +05(x —2) + 1.5(x =2 = 0.1(x = 2)* + - -~

is not the Taylor series of f centered at 2.

3. If f%0) = (n + 1)! forn=0,1,2, ..., find the Maclaurin
series for f and its radius of convergence.

4. Find the Taylor series for f centered at 4 if

(=1)"n!

=36+

What is the radius of convergence of the Taylor series?

5-8 ™ Find the Maclaurin series for f(x) using the definition
of a Maclaurin series. [Assume that f has a power series

expansion. Do not show that R,(x) — 0.] Also find the
associated radius of convergence.

5. f(x) = cos x
1. f(x) =™

6. f(x) = sin2x
8. f(x) = xe”

9-16 m Find the Taylor series for f(x) centered at the given
value of a. [Assume that f has a power series expansion. Do not
show that R,(x) — 0.]

9. fx)=1+x+x% a=2
10. f(x) =x°, a=—1

1. f(x) =e%, a=3

13. f(x) =cosx, a=1m

15. f(x) =1//x, a=9

12 f(x) =Inx, a=2
14. f(x) =sinx, a= m/2
16. f(x)=x2% a=1

17. Prove that the series obtained in Exercise 5 represents cos x
for all x.

18. Prove that the series obtained in Exercise 14 represents

sin x for all x.

19=26 m Use a Maclaurin series derived in this section to
obtain the Maclaurin series for the given function.

19. f(x) = cos mx 20. f(x) = e /?
21. f(x) = xtan 'x 22. f(x) = sin(x*)
23. f(x) = x%" 24. f(x) = xcos 2x



616 CHAPTER 8 INFINITE SEQUENCES AND SERIES

25. f(x) = sin> [Hint: Use sin’x = 5(1 — cos 2x).]

X — sinx
26. f(x) = x?
§ if x=0

if x#0

27-30 m Find the Maclaurin series of f (by any method) and

its radius of convergence. Graph f and its first few Taylor poly-
nomials on the same screen. What do you notice about the
relationship between these polynomials and f?

27. f(x) =1 + x 28. f(x) = e + cosx
29. f(x) = cos(x?) 30. f(x) =2"

0.

31. Use the Maclaurin series for e¢* to calculate e~ correct to

five decimal places.

32. Use the Maclaurin series for sin x to compute sin 3° correct
to five decimal places.

33-36 m Evaluate the indefinite integral as an infinite series.
sin
3. [ ax
X

36. fex 1 dx

X

33. jx cos(x?) dx

35. f\/x3 + 1dx

37-40 m Use series to approximate the definite integral to
within the indicated accuracy.

37. fol x cos(x*)dx (three decimal places)

38. J‘Oo.z [tan '(x?) + sin(x*)]dx (five decimal places)

0.1 dx _
39. J.O ﬁ (\err0r| < 10 8)

40. J.Oo's x’¢ “dx (|error| < 0.001)

41-43 m Use series to evaluate the limit.

— tan~ ! 1 —
. jim —2 % 82. lim ———_

x—0 X =01 +x — e
. 1 3

sinx — x + gx

5

43. lim

x—0 X

44. Use the series in Example 10(b) to evaluate

tanx — x

lim 3

x—0 X

We found this limit in Example 4 in Section 4.5 using
I’Hospital’s Rule three times. Which method do you prefer?

45-48 m Use multiplication or division of power series to find
the first three nonzero terms in the Maclaurin series for each
function.

45. y = e cosx 46. y = sec x

47. y = 48. y = ¢“In(1 — x)

sin x

49-54 m Find the sum of the series.

* x4n ] (_l)nﬂ_Zn
49 1) — 50. —
Z’O( ) n! Z’o 6"(2n)!
% (_1)'17T211+1 = 3
5. — 52
,g() 42”“(211 + l)' Zo 5"n!
2 1
53,3+ + 2L 3L,
2! 3! 4!
In 2)* In 2)?
5.1~ 2+ 02 (N2,

2! 3!

55. Prove Taylor’s Inequality for n = 2, that is, prove that if
| f"(x)| < M for |x — a| < d, then

M
|Rz()c)|$?|xfa|3 for|x —al<d

56. (a) Show that the function defined by

eV it x#0
ﬂﬂ_{o if x=0

is not equal to its Maclaurin series.
(b) Graph the function in part (a) and comment on its
behavior near the origin.
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LABORATORY PROJECT

An Elusive Limit

This project deals with the function

sin(tan x) — tan(sin x)

f = arcsin(arctan x) — arctan(arcsin x)
1. Use your computer algebra system to evaluate f(x) for x = 1, 0.1, 0.01, 0.001,
and 0.0001. Does it appear that f has a limit as x —0?

2. Use the CAS to graph f near x = 0. Does it appear that f has a limit as x —0?

3. Try to evaluate lim, ., f(x) with I'Hospital’s Rule, using the CAS to find derivatives of
the numerator and denominator. What do you discover? How many applications of
I’Hospital’s Rule are required?

4. Evaluate lim, ., f(x) by using the CAS to find sufficiently many terms in the Taylor
series of the numerator and denominator. (Use the command taylor in Maple or
Series in Mathematica.)

5. Use the limit command on your CAS to find lim,—, f(x) directly. (Most computer alge-
bra systems use the method of Problem 4 to compute limits.)

6. In view of the answers to Problems 4 and 5, how do you explain the results of Problems
1 and 2?

8.8| The Binomial Series

You may be acquainted with the Binomial Theorem, which states that if a and b are
any real numbers and k is a positive integer, then

k(k — 1 k(k — 1)k — 2
(a + b =a* + ka* 'b + %ak—zlﬂ + %akﬁlf
== for k = 4, for instance, the Binomial kk— Dk —=2)--(k—n+1
Theorem says that 4+ e+ ( ) )n‘ ( ) "
(a + b)* = a* + 4a°b + 642>
+ 4ab’ + b* +"'+kﬂlbkil+bk

The traditional notation for the binomial coefficients is

<k):1 <k>=k(k—l)(k—2)---(k—n+1) h 1ok

0 n n!

which enables us to write the Binomial Theorem in the abbreviated form

(@ + b= i <z)ak”b"

n=0



618 CHAPTER 8 INFINITE SEQUENCES AND SERIES

1] (1+x)"=§i:0<:>x"
k
(1 + x)*
(1 + x)

fl) =1+ x* £0) =1

f'x) = k(1 + 0! £10) = k
f'(x) = k(k — (1 + x)? f"(0) = k(k — 1)
(%) = k(k — 1)(k — 2)(1 + ) f"(0) = k(k — D)(k — 2)

FO0) =ktk— D - (k—n+ DA+ fO0) =k(k— 1) (k—n+1)
fl) =1+ x)f

& f(")(O)xnzik(k—l)---(k—n+1)xn

n=0 I’l' n=0 I’l'
n a,, then
anper | | k(k = 1)+ (k —n+ 1)(k — n)x""" n!
a, (n+ 1) kk—1) -+ (k—n+ 1x"
Lk
[k —n]
- x| = W= lx| s n—o
n+1 1
1+ —
n
|x] <1
|x|>1
(1 + x)
R.(x)
[2] k [x| <1
k(k — 1 k(k — 1)k — 2
(I+x)f=1+kx+ ( )x2+ ( X )x3+

2! 3!

8

<k> '
= X
=0 \ 1

n!
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Although the binomial series always converges when |x| < I, the question of
whether or not it converges at the endpoints, *1, depends on the value of k. It turns
out that the series converges at 1 if —1 < k =< 0 and at both endpoints if £ = 0. Notice
that if k is a positive integer and n > k, then the expression for (;‘l) contains a factor
(k — k), so (l‘l) =0 for n > k. This means that the series terminates and reduces to the
ordinary Binomial Theorem (Equation 1) when £ is a positive integer.

As we have seen, the binomial series is just a special case of the Maclaurin series;
it occurs so frequently that it is worth remembering.

1
EXAMPLE 1 Expand ——— as a power series.
p (1 + x)? P

SOLUTION We use the binomial series with k = —2. The binomial coefficient is

n n!

<—2) ()4 (2 -t D)

_(=1D"2-3-4-----pnn+1)
N n!

= (~1)"(n + 1)

and so, when |x| < 1,

=(1+x %= i (_2>x"

(1 + x)? =\ n

=2 (=D"n+Dx"=1-2x+3x> —4x’ + -~
n=0 | N

1
EXAMPLE 2 Find the Maclaurin series for the function f(x) = f and its radius
of convergence. *

SOLUTION As given, f(x) is not quite of the form (1 + x)* so we rewrite it as follows:

I 1 B 1 1 l_i_m
Vi—x B 2 4
4(1—1> 2,1 - =
4 4

Using the binomial series with k = —} and with x replaced by —x/4, we have

1 x\? 1 a3 x\"
3(1‘2) ﬁ%( , )(‘Z)
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We know from (2) that this series converges when | —x/4| < 1, that is,
the radius of convergence is R = 4.

== A binomial series is a special case of a
Taylor series. Figure 1 shows the graphs of
the first three Taylor polynomials computed
from the answer to Example 2.

FIGURE 1

8.8 Exercises

x| <4, s0
rr

I-6 m Use the binomial series to expand the function as a
power series. State the radius of convergence.

1

1. 1+ 2, —
* (1 + x)*
1
3. m 4, (1 — x)2/3
2
5. —— 6. —=

NExd NS

[ 7-8 m Use the binomial series to expand the function as a

Maclaurin series and to find the first three Taylor polynomials
T\, T», and T5. Graph the function and these Taylor polynomials
in the interval of convergence.

7. (1 + 2x)*

8. V1 + 4x

9. (a) Use the binomial series to expand 1/4/1 — x2.
(b) Use part (a) to find the Maclaurin series for sin™'x.

10. (a) Expand 1/4/1 + x as a power series.
(b) Use part (a) to estimate 1/+/1.1 correct to three decimal
places.

11. (a) Expand f(x) = x/(1 — x)* as a power series.
(b) Use part (a) to find the sum of the series

DM s

n
12"

n

12.

13.

14.

15.

16.

(a) Expand f(x) = (x + x?)/(1 — x)* as a power series.
(b) Use part (a) to find the sum of the series

o n2

2

n=1 2"

(a) Use the binomial series to find the Maclaurin series

of f(x) =1 + x2.

(b) Use part (a) to evaluate £1%(0).

(a) Use the binomial series to find the Maclaurin series

of f(x) =1/y1 + x3.

(b) Use part (a) to evaluate f©(0).

Use the following steps to prove (2).

(a) Let g(x) = 370 (k)x". Differentiate this series to show
that

“1<x<l1

(b) Let A(x) = (1 + x)*g(x) and show that A'(x) = 0.
(c) Deduce that g(x) = (1 + x)~.

In Exercise 25 in Section 6.3 it was shown that the length of
the ellipse x = a sin 6, y = b cos 0, where a > b > 0, is

L=4a foﬂ/z V1 — e?sin?6 do

where e = v/a? — b? /a is the eccentricity of the ellipse.
Expand the integrand as a binomial series and use the result
of Exercise 36 in Section 5.6 to express L as a series in
powers of the eccentricity up to the term in e®.
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WRITING PROJECT

How Newton Discovered the Binomial Series

The Binomial Theorem, which gives the expansion of (@ + b)*, was known to Chinese
mathematicians many centuries before the time of Newton for the case where the exponent
k is a positive integer. In 1665, when he was 22, Newton was the first to discover the infinite
series expansion of (@ + b)* when k is a fractional exponent (positive or negative). He didn’t
publish his discovery, but he stated it and gave examples of how to use it in a letter (now
called the epistola prior) dated June 13, 1676, that he sent to Henry Oldenburg, secretary of
the Royal Society of London, to transmit to Leibniz. When Leibniz replied, he asked how
Newton had discovered the binomial series. Newton wrote a second letter, the epistola
posterior of October 24, 1676, in which he explained in great detail how he arrived at
his discovery by a very indirect route. He was investigating the areas under the curves
y=(1—x2)"2from0tox forn =0, 1,2,3,4,....These are easy to calculate if n is
even. By observing patterns and interpolating, Newton was able to guess the answers for
odd values of n. Then he realized he could get the same answers by expressing (1 — x2)"2
as an infinite series.

Write a report on Newton’s discovery of the binomial series. Start by giving the state-
ment of the binomial series in Newton’s notation (see the epistola prior on page 285
of [4] or page 402 of [2]). Explain why Newton’s version is equivalent to Theorem 2 on
page 618. Then read Newton’s epistola posterior (page 287 in [4] or page 404 in [2]) and
explain the patterns that Newton discovered in the areas under the curves y = (I — x2)"/2
Show how he was able to guess the areas under the remaining curves and how he verified
his answers. Finally, explain how these discoveries led to the binomial series. The books by
Edwards [1] and Katz [3] contain commentaries on Newton’s letters.

1. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-
Verlag, 1979), pp. 178-187.

2. John Fauvel and Jeremy Gray, eds., The History of Mathematics: A Reader (London:
MacMillan Press, 1987).

3. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins,
1993), pp. 463—466.

4. D.J. Struik, ed., A Sourcebook in Mathematics, 1200—1800 (Princeton, N.J.:
Princeton University Press, 1969).

8.9

Applications of Taylor Polynomials

In this section we explore two types of applications of Taylor polynomials. First we
look at how they are used to approximate functions—computer scientists like them
because polynomials are the simplest of functions. Then we investigate how physicists
and engineers use them in such fields as relativity, optics, blackbody radiation, elec-
tric dipoles, the velocity of water waves, and building highways across a desert.

g: Approximating Functions by Polynomials

Suppose that f(x) is equal to the sum of its Taylor series at a:

* (n)
-3 L0
n:

n=0

(x —a)"
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y=e'
=T

=T y =)
\ y=T5(x)

" e

0
y=T;(x)
FIGURE 1

X x=02 x=3.0
T5(x) 1.220000 8.500000
Tu(x) 1.221400 16.375000
To(x) 1.221403 19.412500
Ty(x) 1.221403 20.009152
Tio(x) | 1.221403 20.079665
e’ 1.221403 20.085537

In Section 8.7 we introduced the notation 7,(x) for the nth partial sum of this series
and called it the nth-degree Taylor polynomial of f at a. Thus

L )
i!

T(x) = X (x — a)

f'(a)

Sa) O]
T nl

= f(a) + (x—a)+%(!a)(x—a)z+~- (x — a)

Since f is the sum of its Taylor series, we know that 7,,(x) — f(x) as n — % and so T,
can be used as an approximation to f: f(x) = T,(x).
Notice that the first-degree Taylor polynomial

Ti(x) = fla) + fa)(x — a)

is the same as the linearization of f at a that we discussed in Section 3.8. Notice also
that 7 and its derivative have the same values at a that f and f’ have. In general, it can
be shown that the derivatives of T, at a agree with those of f up to and including deriv-
atives of order n.

To illustrate these ideas let’s take another look at the graphs of y = ¢* and its first
few Taylor polynomials, as shown in Figure 1. The graph of T; is the tangent line to
y = e*at (0, 1); this tangent line is the best linear approximation to e¢* near (0, 1). The
graph of T, is the parabola y = 1 + x + x?/2, and the graph of T is the cubic curve
y =1+ x + x*/2 + x%/6, which is a closer fit to the exponential curve y = e* than
T,. The next Taylor polynomial 7, would be an even better approximation, and so on.

The values in the table give a numerical demonstration of the convergence of the
Taylor polynomials 7,(x) to the function y = e*. We see that when x = 0.2 the con-
vergence is very rapid, but when x = 3 it is somewhat slower. In fact, the farther x is
from 0, the more slowly T,(x) converges to e*.

When using a Taylor polynomial 7, to approximate a function f, we have to ask the
questions: How good an approximation is it? How large should we take n to be in
order to achieve a desired accuracy? To answer these questions we need to look at the
absolute value of the remainder:

|Ri(x)| = [ f(x) = Tu(x)|

There are three possible methods for estimating the size of the error:

1. If a graphing device is available, we can use it to graph | R,(x) | and thereby
estimate the error.

2. If the series happens to be an alternating series, we can use the Alternating
Series Estimation Theorem.

3. In all cases we can use Taylor’s Inequality (Theorem 8.7.9), which says that if
| f**V(x)| < M, then

n+l

|Ry(x)| < |x — a

M
(n+ 1)
EXAMPLE 1

(a) Approximate the function f(x) = ¢/x by a Taylor polynomial of degree 2

ata = 8.
(b) How accurate is this approximation when 7 < x < 9?



FIGURE 2

0.0003

y=[Ryx)|

7
0

FIGURE 3
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SOLUTION
(a) Fx) = x=x" f(8) =2

f1o) =527 1'®) =1
e
fw(x) _ %x—S/Z’y

Thus, the second-degree Taylor polynomial is

r® g S®
I! 2!

=2+ 55 = 8) — mlx — 8

To(x) = f(8) +

(x —8)

The desired approximation is

Jx=To0) =2 + f5(x — 8) — zi5(x — 8)
(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with

n=2anda = 8:

M
[Ro() | =[x = 8

where | f”(x)| < M. Because x = 7, we have x** = 73 and so

_ 1o 1 _10 1
T 27 X7

f"(x) < 0.0021

Therefore, we can take M = 0.0021. Also 7 <= x<9,s0 -1 <x — 8 =<1 and
|x — 8| < 1. Then Taylor’s Inequality gives

0.0021
3!

|2 _ 00021

|Ry(x) | < < 0.0004

Thus, if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. = ®

Let’s use a graphing device to check the calculation in Example 1. Figure 2 shows
that the graphs of y = {/x and y = Ty(x) are very close to each other when x is near 8.
Figure 3 shows the graph of | R,(x) | computed from the expression

|Ro(x) | = |[¥x = Ta(w) |
We see from this graph that

| Ry(x) | < 0.0003

when 7 < x < 9. Thus, the error estimate from graphical methods is slightly better
than the error estimate from Taylor’s Inequality in this case.
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EXAMPLE 2
(a) What is the maximum error possible in using the approximation

X x

_+_
3! 5!

sinx = x —

when —0.3 < x < 0.3? Use this approximation to find sin 12° correct to six decimal

places.
(b) For what values of x is this approximation accurate to within 0.00005?
SOLUTION
(a) Notice that the Maclaurin series
x* XX
sinx=x——+ — — —
3! 5! 7!

is alternating for all nonzero values of x, and the successive terms decrease in size
because | x | < I, so we can use the Alternating Series Estimation Theorem. The
error in approximating sin x by the first three terms of its Maclaurin series is at most
Ed§
5040

7!

If —0.3 < x < 0.3, then | x| < 0.3, so the error is smaller than

(0.3)7

~43x 1078
5040

To find sin 12° we first convert to radian measure.

127 T
100 — (7
sin Sll‘l( 180 > sm< 5
_m ()L 1 1
15 3!

~ (0.20791169

Thus, correct to six decimal places, sin 12° = 0.207912.
(b) The error will be smaller than 0.00005 if

Ax["
< 0.00005
5040
Solving this inequality for x, we get
|x|” < 0.252 or |x| < (0.252)"7 = 0.821

So the given approximation is accurate to within 0.00005 when | x| < 0.82. ERN

Module 8.7/8.9 graphically shows What if we use Taylor’s Inequality to solve Example 2? Since f”(x) = —cos x, we

TrB the remainders in Taylor polynomial have |f(7)(x)| < 1 and so
approximations.

1
[Ro(0)| = 7 |

So we get the same estimates as with the Alternating Series Estimation Theorem.



43x10°
¥ =[R(x)]|
-0.3 0.3
0
FIGURE 4
0.00006
| y=0.00005 |
¥ = [R(x)]|
-1 1
FIGURE 5

FIGURE 6
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What about graphical methods? Figure 4 shows the graph of
‘RG(X)‘ = ]sinx - (x - éx3 + %xs)’

and we see from it that | Re(x) | < 4.3 X 10~® when |x| < 0.3. This is the same esti-
mate that we obtained in Example 2. For part (b) we want | Rs(x) | < 0.00005, so we
graph both y = | Rs(x) | and y = 0.00005 in Figure 5. By placing the cursor on the
right intersection point we find that the inequality is satisfied when |x| < 0.82. Again
this is the same estimate that we obtained in the solution to Example 2.

If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it
would have been wise to use the Taylor polynomials at a = /3 (instead of a = 0)
because they are better approximations to sin x for values of x close to 7/3. Notice
that 72° is close to 60° (or 7r/3 radians) and the derivatives of sin x are easy to com-
pute at 77/3.

Figure 6 shows the graphs of the Maclaurin polynomial approximations

3

T(x) = x T(x) = x — %
x3 )CS x3 )CS )C7
T5(x)=x—¥ ? T7(x)=x—§+;—w

to the sine curve. You can see that as n increases, T,(x) is a good approximation to
sin x on a larger and larger interval.

y T, .

0 X

y=sin x

5 \T,

One use of the type of calculation done in Examples 1 and 2 occurs in calculators
and computers. For instance, when you press the sin or e* key on your calculator, or
when a computer programmer uses a subroutine for a trigonometric or exponential or
Bessel function, in many machines a polynomial approximation is calculated. The
polynomial is often a Taylor polynomial that has been modified so that the error is
spread more evenly throughout an interval.

N\; Applications to Physics

Taylor polynomials are also used frequently in physics. In order to gain insight into
an equation, a physicist often simplifies a function by considering only the first two or
three terms in its Taylor series. In other words, the physicist uses a Taylor polynomial
as an approximation to the function. Taylor’s Inequality can then be used to gauge the
accuracy of the approximation. The following example shows one way in which this
idea is used in special relativity.

EXAMPLE 3 In Einstein’s theory of special relativity the mass of an object moving
with velocity v is
mo

"= v?/c?

where my is the mass of the object when at rest and c is the speed of light. The
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kinetic energy of the object is the difference between its total energy and its energy
at rest:

K = mc* — myc?

(a) Show that when v is very small compared with c, this expression for K agrees
with classical Newtonian physics: K = 3mov°>.

(b) Use Taylor’s Inequality to estimate the difference in these expressions for K
when |v| < 100 m/s.

SOLUTION
(a) Using the expressions given for K and m, we get

moc? )

K=mc2—mocz=ﬁ—moc
V1 —v¥Yc

= myc 1 == -1
c

== The upper curve in Figure 7 is the graph

of the expression for the kinetic energy K of With x = —v?/c?, the Maclaurin series for (1 + x)~'/? is most easily computed as a
an object with velocity v in special relativit.  binomial series with k = — 5. (Notice that | x| < 1 because » < c.) Therefore, we
The lower curve shows the function used for have
K in classical Newtonian physics. When v is ( 1)( 3) ( 1)( 3)( 5)
much smallerthgn thq spegd of light, the (1 + x)’]/z — 1 _ %x + 2 2 w2+ 2 2 3+
curves are practically identical. 21 31!
K =1 —ix+ix2-32x+
d K g 1+1”2+3v4+506+ 1
an = myc ——t -+t ——+ | -
’ 2¢> 8¢t 16 ¢°
11)2_'_31)4+ 5 1)6+
= moc |\ — ~ a7t
N2 8¢t 16 ¢
If v is much smaller than c, then all terms after the first are very small when com-
0 pared with the first term. If we omit them, we get
v

_ 102\
FIGURE 7 K= moc™\ 55 | =2mov

(b) Ifx = —v¥c? f(x) = moc?[(1 + x)"/> — 1], and M is a number such that
| f"(x)| =< M, then we can use Taylor’s Inequality to write

M
|Ri(x)| < ;xz

We have f"(x) = jmoc*(1 + x)~¥? and we are given that |»| < 100 m/s, so

3moc? 3moc?
(1 — ¥~ 41 — 100%/c?)*?

0] = (= M)

Thus, with ¢ = 3 X 108 m/s,

l 3moc? 1004
2 41 — 100¥/c?)¥? *

|Ri(x) | < < (4.17 X 107"%)my,



== Here we use the identity

cos(m — ¢) = —cos ¢
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So when |v| < 100 m/s, the magnitude of the error in using the Newtonian expres-
sion for kinetic energy is at most (4.2 X 10*)m,. EE

Another application to physics occurs in optics. Figure 8 is adapted from Optics,
4th ed., by Eugene Hecht (San Francisco: Addison Wesley, 2002), page 153. It depicts
a wave from the point source S meeting a spherical interface of radius R centered at C.
The ray SA is refracted toward P.

Image not available due to copyright restrictions

Using Fermat’s principle that light travels so as to minimize the time taken, Hecht
derives the equation

n n 1 [ nas; NS,
—_— == | == - ==
|I| €0 e,‘ R < €i €0 >

where n; and n, are indexes of refraction and €,, €;, s,, and s; are the distances indi-
cated in Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have

[Z] ¢, = +/R* + (s, + R)> — 2R(s, + R) cos ¢

€I» = \/RZ + (S,' - R)z + 2R(Si - R) Cos ¢

Because Equation 1 is cumbersome to work with, Gauss, in 1841, simplified it by
using the linear approximation cos ¢ = 1 for small values of ¢. (This amounts to
using the Taylor polynomial of degree 1.) Then Equation 1 becomes the following
simpler equation [as you are asked to show in Exercise 26(a)]:

ny ns ny — Ny
H T B

Sy S; R

The resulting optical theory is known as Gaussian optics, or first-order optics, and has
become the basic theoretical tool used to design lenses.

A more accurate theory is obtained by approximating cos ¢ by its Taylor polyno-
mial of degree 3 (which is the same as the Taylor polynomial of degree 2). This takes
into account rays for which ¢ is not so small, that is, rays that strike the surface at
greater distances & above the axis. In Exercise 26(b) you are asked to use this approxi-
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mation to derive the more accurate equation

np ny

M -

So Si

mom ol (L VN e (1 1
R 25, \ S, R 2s; \ R S

The resulting optical theory is known as third-order optics.
Other applications of Taylor polynomials to physics and engineering are explored
in Exercises 27-30 and in the Applied Project on page 630.

8.9 Exercises

4 1. (a) Find the Taylor polynomials up to degree 6 for
f(x) = cos x centered at @ = 0. Graph f and these
polynomials on a common screen.

(b) Evaluate f and these polynomials at x = /4, 7/2,
and .
(c) Comment on how the Taylor polynomials converge

to f(x).

]
<]

2. (a) Find the Taylor polynomials up to degree 3 for
f(x) = 1/x centered at @ = 1. Graph f and these poly-
nomials on a common screen.
(b) Evaluate f and these polynomials at x = 0.9 and 1.3.
(c) Comment on how the Taylor polynomials converge

to f(x).

Y
4

™ 3-8 m Find the Taylor polynomial 7,(x) for the function f at
the number a. Graph f and 7, on the same screen.

3. f(x) =sinx, a=m/6, n=3
4 f(x)=e', a=2, n=3

5. f(x) = arcsinx, a=0, n=23

o

. fx)=——, a=1, n=3

P
7. fx) =xe >, a=0, n=3

fO=V3+x% a=1, n=2

d

9-10 m Use a computer algebra system to find the Taylor poly-
nomials 7, at @ = O for the given values of n. Then graph these
polynomials and f on the same screen.

9. f(x) =secx, n=2,4,6,8
10. f(x) =tanx, n=1,3,57,9

11-18 m
(a) Approximate f by a Taylor polynomial with degree n at the
number a.

(b)

(©)
11.
12.
13.
14.
15.
16.
17.
18.

19.
20.

21.

22

A 23-

Use Taylor’s Inequality to estimate the accuracy of the
approximation f(x) = T,(x) when x lies in the given
interval.

Check your result in part (b) by graphing | R,(x) |.

f)=+Vx, a=4, n=2 4<x<42
fxX)=x2 a=1, n=2, 09<x<1.1
f)=x, a=1, n=3, 08<x<12
f(x)=cosx, a=m/3, n=4, 0<x<27w/3
f)=e¢", a=0, n=3 0<x<0.1
f)=MIn(l +2x), a=1, n=3 05<x<15
f(x) =xsinx, a=0, n=4, —-1=<x=<1

fx)=xInx, a=1, n=3, 05=<x<15

Use the information from Exercise 3 to estimate sin 35°
correct to five decimal places.

Use the information from Exercise 14 to estimate cos 69°
correct to five decimal places.

Use Taylor’s Inequality to determine the number of terms of
the Maclaurin series for e* that should be used to estimate
¢"! to within 0.00001.

Suppose you know that
X (=1)"n!
(n) 4) = —F7~ "
@ 3"(n + 1)

and the Taylor series of f centered at 4 converges to f(x)
for all x in the interval of convergence. Show that the fifth-
degree Taylor polynomial approximates f(5) with error less
than 0.0002.

24 m Use the Alternating Series Estimation Theorem or

Taylor’s Inequality to estimate the range of values of x for
which the given approximation is accurate to within the stated
error. Check your answer graphically.

23.

x3
sinx = x — ? (|error| < 0.01)



x* xt
24. cosx=1— - + ey (|error| < 0.005)

25. A car is moving with speed 20 m/s and acceleration 2 m/s’
at a given instant. Using a second-degree Taylor polyno-
mial, estimate how far the car moves in the next second.
Would it be reasonable to use this polynomial to estimate
the distance traveled during the next minute?

26. (a) Derive Equation 3 for Gaussian optics from Equation 1
by approximating cos ¢ in Equation 2 by its first-degree
Taylor polynomial.

(b) Show that if cos ¢ is replaced by its third-degree Taylor
polynomial in Equation 2, then Equation 1 becomes
Equation 4 for third-order optics. [Hint: Use the first
two terms in the binomial series for €, and ¢; '. Also,

use ¢ = sin ¢.]

27. An electric dipole consists of two electric charges of equal
magnitude and opposite sign. If the charges are ¢ and —¢
and are located at a distance d from each other, then the
electric field E at the point P in the figure is

p_d ___ 4

D (D + 4y
By expanding this expression for E as a series in powers of
d/D, show that E is approximately proportional to 1/D?
when P is far away from the dipole.

P

1 D 1 d —

28. The resistivity p of a conducting wire is the reciprocal of
the conductivity and is measured in units of ohm-meters
(Q)-m). The resistivity of a given metal depends on the
temperature according to the equation

p(l) — pzoea(tfzo)

where ¢ is the temperature in °C. There are tables that list
the values of « (called the temperature coefficient) and p,,
(the resistivity at 20°C) for various metals. Except at very
low temperatures, the resistivity varies almost linearly with
temperature and so it is common to approximate the expres-
sion for p(7) by its first- or second-degree Taylor polynomial
at t = 20.
(a) Find expressions for these linear and quadratic

approximations.

A (b) For copper, the tables give & = 0.0039/°C and
p2 = 1.7 X 107* Q-m. Graph the resistivity of copper
and the linear and quadratic approximations for
—250°C < r < 1000°C.

(c) For what values of ¢ does the linear approximation
agree with the exponential expression to within one
percent?

Y
<]
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29. If a surveyor measures differences in elevation when mak-
ing plans for a highway across a desert, corrections must be
made for the curvature of the Earth.

(a) If R is the radius of the Earth and L is the length of the
highway, show that the correction is

C =R sec(L/R) — R
(b) Use a Taylor polynomial to show that
L? 5L*

C~——+
2R 24R°

(c) Compare the corrections given by the formulas in parts
(a) and (b) for a highway that is 100 km long. (Take the
radius of Earth to be 6370 km.)

C

30. The period of a pendulum with length L that makes a maxi-
mum angle 6, with the vertical is

L =2 dx
S S -
g Jo 1 — k?sin%x

where k = sin(% 00) and g is the acceleration due to gravity.

(In Exercise 32 in Section 5.9 we approximated this integral

using Simpson’s Rule.)

(a) Expand the integrand as a binomial series and use the
result of Exercise 36 in Section 5.6 to show that

L 1’ 1?3 1?3757
T= 277\/; [1 + ?kz + k' + e kS + - }

If 0, is not too large, the approximation 7 = 2+/L/g,
obtained by using only the first term in the series, is
often used. A better approximation is obtained by using

two terms:
L
T=2m+|— (1 +1k?)
g

(b) Notice that all the terms in the series after the first one
have coefficients that are at most % Use this fact to com-
pare this series with a geometric series and show that

L , L 4 -3k
2 — (1 +3k)=sT=<2 —_—
Tl'\/;( 4 ) 77\/;4_4](2

(c) Use the inequalities in part (b) to estimate the period of
a pendulum with L = 1 meter and 6, = 10°. How does it
compare with the estimate T =~ 27+/L/g ? What if
0y = 42°7
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31. In Section 4.8 we considered Newton’s method for approxi-

mating a root r of the equation f(x) = 0, and from an
initial approximation x; we obtained successive approxi-

mations x,, x3, ..., where
_ S
Xn+1 = Xy f'(x,,
Use Taylor’s Inequality withn = 1, a = x,, and x = r to

show that if f”(x) exists on an interval / containing r, x,,

APPLIED PROJECT

and x,+1, and | f(x)| < M,

f'(x)| = K for all x € I, then

o = | = ol = P

$ —_—

2K
[This means that if x, is accurate to d decimal places, then
Xq+1 18 accurate to about 2d decimal places. More precisely,
if the error at stage n is at most 107", then the error at stage
n + 1is at most (M/2K)107>™ ]

Radiation from the Stars

Any object emits radiation when heated. A blackbody is a system that absorbs all the radia-
tion that falls on it. For instance, a matte black surface or a large cavity with a small hole in
its wall (like a blastfurnace) is a blackbody and emits blackbody radiation. Even the radia-
tion from the Sun is close to being blackbody radiation.

Proposed in the late 19th century, the Rayleigh-Jeans Law expresses the energy density of
blackbody radiation of wavelength A as

8wkT
/\4

f) =

where A is measured in meters, 7 is the temperature in kelvins (K), and & is Boltzmann’s
constant. The Rayleigh-Jeans Law agrees with experimental measurements for long wave-
lengths but disagrees drastically for short wavelengths. [The law predicts that f(A) — o as
A — 07 but experiments have shown that f(A) — 0.] This fact is known as the ultraviolet
catastrophe.

In 1900 Max Planck found a better model (known now as Planck’s Law) for blackbody
radiation:

8mhcA™’
f) = S HIORT) —
where A is measured in meters, 7 is the temperature in kelvins, and
h = Planck’s constant = 6.6262 X 107 J-s
¢ = speed of light = 2.997925 X 10* m/s

k = Boltzmann’s constant = 1.3807 X 10" J/K
1. Use I’Hospital’s Rule to show that
Alirgl+ f(A) =0 and Alim f(A) =0

for Planck’s Law. So, for short wavelengths, this law models blackbody radiation better
than the Rayleigh-Jeans Law.

2. Use a Taylor polynomial to show that, for large wavelengths, Planck’s Law gives
approximately the same values as the Rayleigh-Jeans Law.
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A 3. Graph f as given by both laws on the same screen and comment on the similarities and
differences. Use 7= 5700 K (the temperature of the Sun). (You may want to change
from meters to the more convenient unit of micrometers: 1 pm = 10"°m.)

4. Use your graph in Problem 3 to estimate the value of A for which f(A) is a maximum

under Planck’s Law.

5. Investigate how the graph of f changes as T varies. (Use Planck’s Law.) In particular,
graph f for the stars Betelgeuse (7' = 3400 K), Procyon (7' = 6400 K), and Sirius
(T = 9200 K) as well as the Sun. How does the total radiation emitted (the area under
the curve) vary with 7? Use the graph to comment on why Sirius is known as a blue
star and Betelgeuse as a red star.

8 Review (

| CONCEPT CHECK

\

|

. (a) What is a convergent sequence?
(b) What is a convergent series?

(c) What does lim,, ... a, = 3 mean?
(d) What does =,-; a, = 3 mean?

. (a) What is a bounded sequence?

(b) What is a monotonic sequence?

(c) What can you say about a bounded monotonic
sequence?

. (a) What is a geometric series? Under what circumstances
is it convergent? What is its sum?

(b) What is a p-series? Under what circumstances is it
convergent?

. Suppose 2 a, = 3 and s, is the nth partial sum of the series.
What is lim, .. a,? What is lim, .. 5,?

. State the following.

(a) The Test for Divergence
(b) The Integral Test

(¢) The Comparison Test

(d) The Limit Comparison Test
(e) The Alternating Series Test
(f) The Ratio Test

. (a) What is an absolutely convergent series?
(b) What can you say about such a series?

. (a) If a series is convergent by the Integral Test, how do you
estimate its sum?

(b) If a series is convergent by the Comparison Test, how do
you estimate its sum?

1.

12.

(c) If a series is convergent by the Alternating Series Test,
how do you estimate its sum?

. (a) Write the general form of a power series.

(b) What is the radius of convergence of a power series?
(c) What is the interval of convergence of a power series?

. Suppose f(x) is the sum of a power series with radius of

convergence R.

(a) How do you differentiate f? What is the radius of con-
vergence of the series for f'?

(b) How do you integrate f? What is the radius of conver-
gence of the series for | f(x) dx?

. (a) Write an expression for the nth-degree Taylor polyno-

mial of f centered at a.

(b) Write an expression for the Taylor series of f centered
at a.

(c) Write an expression for the Maclaurin series of f.

(d) How do you show that f(x) is equal to the sum of its
Taylor series?

(e) State Taylor’s Inequality.

Write the Maclaurin series and the interval of convergence
for each of the following functions.
@ 1/(1 = x) (b) e

(d) cos x (e) tan 'x

(c) sinx

Write the binomial series expansion of (1 + x)*. What is
the radius of convergence of this series?
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| TRUE-FALSE QuIZ

\

|

Determine whether the statement is true or false. If it is true, explain why.

If it is false, explain why or give an example that disproves the statement. 10.
1. If lim, ... a, = 0, then X a, is convergent. .
2. The series 2;—; n "' is convergent. 1.
3. If lim, .- a, = L, then lim, .. as,+1 = L. 3.
4. If = ¢,6" is convergent, then = ¢,(—2)" is convergent.

5. If = ¢,6" is convergent, then = ¢,(—6)" is convergent. 14.
6. If = ¢, x" diverges when x = 6, then it diverges when x = 10. 5.
7. The Ratio Test can be used to determine whether > 1/n°

16.

converges.

8. The Ratio Test can be used to determine whether = 1/n!
converges. 17.

9. If 0 < a, < b, and = b, diverges, then X a, diverges. 18.

SR

o n! ;

If -1 < a<1,thenlim,..a" = 0.

If $ a, is divergent, then = | a, | is divergent.

If f(x) = 2x — x*> + +x* — - - - converges for all x,
then f"(0) = 2.

If {a,} and {b,} are divergent, then {a, + b,} is divergent.
If {a,} and {b,} are divergent, then {a,b,} is divergent.

If {a,} is decreasing and a, > O for all n, then {a,} is
convergent.

If a, > 0 and = a, converges, then = (—1)"a, converges.

If @, > 0 and lim, = (a@,+1/a,) < 1, then lim, . a, = 0.

{ EXERCISES

1-=7 m Determine whether the sequence is convergent or diver-

gent. If it is convergent, find its limit. 17.
. 2+ 9 9!
BRI PE " T o 18.
P 4. a, = cos(nm/2)
s =T . a, = cos(nr
19-
n sinn Inn
5.a,,—n2+1 6. an—j 19.

7. {1 + 3/n)*"}
21.

8. A sequence is defined recursively by the equations a; = 1,
ane1 = 3(a, + 4). Show that {a,} is increasing and a, < 2 2.
for all n. Deduce that {a,} is convergent and find its limit.

9-18 m Determine whether the series is convergent or

divergent. 23.
el n Z }’12 + 1

9. 10. .
ngl }13 + 1 0 ,,gl n3 + 1 24
S g (D" 25

1. 12 ) ——= .
,,2] 5" ,,21 A/ n + 1

< 1 & n 26.
13. 14. 1
3 ,Ez ny/Inn El n<3n + l)

& Jn &S cos3n
15. 1) — 16. —_—
,Z]( L — Z, 1+ (1.2)"

n=1 5"n!
S (=5
,,g] l’l29n
22 ™ Find the sum of the series.
® 22n+1 o (_l)nﬂ_n
20. —
gl 5" EO 32"(2n)!
> [tan'(n + 1) — tan"'n]
n=1
e? e’ et
l—e+———+——---
2! 3! 4!

Express the repeating decimal 1.2345345345...as a
fraction.

For what values of x does the series ;- (In x)" converge?
. N Gt VL

Find the sum of the series D, ———— correct to four

decimal places. it

(a) Find the partial sum ss of the series ¥;—; 1/n° and esti-
mate the error in using it as an approximation to the
sum of the series.

(b) Find the sum of this series correct to five decimal
places.



27. Use the sum of the first eight terms to approximate the sum
of the series 3;—; (2 + 5")"'. Estimate the error involved in
this approximation.

n

28. (a) Show that the series 2
n=1 (2 )'

2 @n)!

29. Prove that if the series ¥,- a, is absolutely convergent,

then the series
& <n + 1 )
2 a,
n=1 n

is also absolutely convergent.

is convergent.

(b) Deduce that 11m

30-33 m Find the radius of convergence and interval of conver-
gence of the series.

& x" S (x+2)
30. 31. e

g 25” ,Z] n4"

o 2Mx —2)" 2"(x — 3)"
32. ,Zl (n + 2)! 3. 2 Jn + 3

34. Find the radius of convergence of the series

i (2n)!

T

35. Find the Taylor series of f(x) = sin x at a = /6.

n

36. Find the Taylor series of f(x) = cos x at a = /3.

37-44 m Find the Maclaurin series for f and its radius of con-
vergence. You may use either the direct method (definition of a
Maclaurin series) or known series such as geometric series,

binomial series, or the Maclaurin series for e*, sin x, and tan™'x.

2

37. f(x) = . 38. f(x) = tan '(x?)
39. f(x) =1In(1 — x) 40. f(x) = xe™
41. f(x) = sin(x*) 42. f(x) = 10"

43. f(x) =1/416 — x 4. f(x) =1 —3x)°7°
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X

e . . .
45. Evaluate J — dx as an infinite series.
x

46. Use series to approximate ‘01 V1 + x* dx correct to two
decimal places.

47-48 m
(a) Approximate f by a Taylor polynomial with degree n at the
number a.

ﬁ (b) Graph f and 7, on a common screen.

(c) Use Taylor’s Inequality to estimate the accuracy of the
approximation f(x) = T,(x) when x lies in the given
interval.

¥ (d) Check your result in part (c) by graphing | R,(x)|.

47. f(x)=+x, a=1, n=3, 09<x<1.1

48. f(x) =secx, a=0, n=2, 0<x<mw/6

49. Use series to evaluate the following limit.

sinx — x

lim ———

x—0 X"

50. The force due to gravity on an object with mass m at a
height /1 above the surface of the Earth is

mgR*
(R + h)?

where R is the radius of the Earth and ¢ is the acceleration

due to gravity.

(a) Express F as a series in powers of i/R.

(b) Observe that if we approximate F by the first term in the
series, we get the expression F' = mg that is usually
used when £ is much smaller than R. Use the Alter-
nating Series Estimation Theorem to estimate the range
of values of & for which the approximation F = mg is
accurate to within 1%. (Use R = 6400 km.)

F=

51. (a) Show that tan 5x = cotsx — 2 cot x.
(b) Find the sum of the series

S 1 X
2

= 2n 2n
52. A function f is defined by

2n_]

X
f(x) hm T‘Fl

Where is f continuous?
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: N 1
. Find the sum of the series Y, In| 1 — — .
n

. If f(x) = sin(x?), find £99(0).

. Let {P,} be a sequence of points determined as in the figure. Thus |AP| = 1,

| P,P,+1| = 2", and angle AP, P, is a right angle. Find lim, . ZP,AP,+:.

. To construct the snowflake curve, start with an equilateral triangle with sides of length 1.

Step 1 in the construction is to divide each side into three equal parts, construct an equi-
lateral triangle on the middle part, and then delete the middle part (see the figure). Step 2
is to repeat Step 1 for each side of the resulting polygon. This process is repeated at each
succeeding step. The snowflake curve is the curve that results from repeating this process
indefinitely.

(a) Lets,, [,, and p, represent the number of sides, the length of a side, and the total
length of the nth approximating curve (the curve obtained after Step n of the con-
struction), respectively. Find formulas for s,, /,, and p,.

(b) Show that p, — ® as n — .

(c) Sum an infinite series to find the area enclosed by the snowflake curve.

Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a finite
area.

. Find the sum of the series

1 1 1 1 1 1 1
l+—+—+—+—+—+—+—+
2 3 4 6 8 9 12
where the terms are the reciprocals of the positive integers whose only prime factors are
2s and 3s.

2
n=2

6. Suppose you have a large supply of books, all the same size, and you stack them at the

edge of a table, with each book extending farther beyond the edge of the table than the
one beneath it. Show that it is possible to do this so that the top book extends entirely
beyond the table. In fact, show that the top book can extend any distance at all beyond
the edge of the table if the stack is high enough. Use the following method of stacking:
The top book extends half its length beyond the second book. The second book extends a
quarter of its length beyond the third. The third extends one-sixth of its length beyond the
fourth, and so on. (Try it yourself with a deck of cards.) Consider centers of mass.

Let SR S SR
- e TR T e T o
x4 x7 xlO
V=X —_— o -
FYRREETIRARTIY
xr x> 8
W=tk e
2 s TR

Show that u* + v* + w® — 3uvw = 1.
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1.

If p > 1, evaluate the expression

Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral
triangle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A, is
the total area occupied by the n rows of circles, show that

fim A — T
SEA 23

. A sequence {a,} is defined recursively by the equations

ay=a =1 nin — Da,=0n—1)n — 2a,-, — (n — 3)a,—
Find the sum of the series =,— d,.

Taking the value of x* at 0 to be 1 and integrating a series term by term, show that

J-ledez i (—12:1—1

n=1 n

. Starting with the vertices P(0, 1), Po(1, 1), P5(1, 0), P4(0, 0) of a square, we construct

further points as shown in the figure: Ps is the midpoint of P, P>, Ps is the midpoint of

P, P, P; is the midpoint of PPy, and so on. The polygon spiral path P,P,P3PsPsPcP7 . ..

approaches a point P inside the square.

(a) If the coordinates of P, are (x,, y,), show that %xn 4+ Xp41 + Xpi2 + Xu03 = 2 and find
a similar equation for the y-coordinates.

(b) Find the coordinates of P.

. If f(x) = =)= c,,x™ has positive radius of convergence and e/ = 37_d,x", show that

nd, = E icid,—; n=1

i=1

. Right-angled triangles are constructed as in the figure. Each triangle has height 1 and its

base is the hypotenuse of the preceding triangle. Show that this sequence of triangles
makes indefinitely many turns around P by showing that = 6, is a divergent series.

. Consider the series whose terms are the reciprocals of the positive integers that can be

written in base 10 notation without using the digit 0. Show that this series is convergent
and the sum is less than 90.

. (a) Show that the Maclaurin series of the function

fo)=— is 3

1 —x—x° =1
where f, is the nth Fibonacci number, thatis, fi = 1, =1, and f, = f,—1 + fi—2
for n = 3. [Hint: Write x /(1 — x — x?) = ¢y + cix + c2x? + - - - and multiply both
sides of this equation by 1 — x — x%]
(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin
series in a different way, find an explicit formula for the nth Fibonacci number.
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In this chapter we introduce vectors
and coordinate systems for three-
dimensional space. This is the setting
for the study of functions of two vari-
ables because the graph of such a
function is a surface in space. Vectors
pravide particularly simple descriptions
of lines and planes in space as well as
velocities and accelerations of objects
that move in space.

Vectors and the
Geometry of Space

Image not available due to copyright restrictions




9.1 Three-Dimensional Coordinate Systems

X

OK‘
y
FIGURE 1

Coordinate axes

~<

e

FIGURE 2
Right-hand rule

FIGURE 3

To locate a point in a plane, two numbers are necessary. We know that any point
in the plane can be represented as an ordered pair (a, b) of real numbers, where a is
the x-coordinate and b is the y-coordinate. For this reason, a plane is called two-
dimensional. To locate a point in space, three numbers are required. We represent any
point in space by an ordered triple (a, b, ¢) of real numbers.

In order to represent points in space, we first choose a fixed point O (the origin)
and three directed lines through O that are perpendicular to each other, called the
coordinate axes and labeled the x-axis, y-axis, and z-axis. Usually we think of the
x- and y-axes as being horizontal and the z-axis as being vertical, and we draw the ori-
entation of the axes as in Figure 1. The direction of the z-axis is determined by the
right-hand rule as illustrated in Figure 2: If you curl the fingers of your right hand
around the z-axis in the direction of a 90° counterclockwise rotation from the positive
x-axis to the positive y-axis, then your thumb points in the positive direction of the
Z-axis.

The three coordinate axes determine the three coordinate planes illustrated in Fig-
ure 3(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane con-
tains the y- and z-axes; the xz-plane contains the x- and z-axes. These three coordinate
planes divide space into eight parts, called octants. The first octant, in the fore-
ground, is determined by the positive axes.

3

© Yz-pl .
P plarl Plane i Tight wqy
i ! y
. — X '\7\;\‘
"1;0/@‘@ %/.
x & Y
(a) Coordinate planes (b)

Because many people have some difficulty visualizing diagrams of three-dimen-
sional figures, you may find it helpful to do the following [see Figure 3(b)]. Look at
any bottom corner of a room and call the corner the origin. The wall on your left is in
the xz-plane, the wall on your right is in the yz-plane, and the floor is in the xy-plane.
The x-axis runs along the intersection of the floor and the left wall. The y-axis runs
along the intersection of the floor and the right wall. The z-axis runs up from the floor
toward the ceiling along the intersection of the two walls. You are situated in the first
octant, and you can now imagine seven other rooms situated in the other seven octants
(three on the same floor and four on the floor below), all connected by the common
corner point O.

Now if P is any point in space, let a be the (directed) distance from the yz-plane to
P, let b be the distance from the xz-plane to P, and let ¢ be the distance from the
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FIGURE 4

FIGURE 5
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xy-plane to P. We represent the point P by the ordered triple (a, b, ¢) of real numbers
and we call g, b, and c the coordinates of P; a is the x-coordinate, b is the y-coordi-
nate, and c is the z-coordinate. Thus, to locate the point (a, b, ¢) we can start at the ori-
gin O and move a units along the x-axis, then b units parallel to the y-axis, and then
c units parallel to the z-axis as in Figure 4.

The point P(a, b, ¢) determines a rectangular box as in Figure 5. If we drop a per-
pendicular from P to the xy-plane, we get a point Q with coordinates (a, b, 0) called
the projection of P on the xy-plane. Similarly, R(0, b, ¢) and S(a, 0, ¢) are the projec-
tions of P on the yz-plane and xz-plane, respectively.

As numerical illustrations, the points (—4, 3, —5) and (3, —2, —6) are plotted in
Figure 6.

-

FIGURE 6

The Cartesian product R X R X R = {(x, y, z) | x, y, z € R} is the set of all or-
dered triples of real numbers and is denoted by R*. We have given a one-to-one cor-
respondence between points P in space and ordered triples (a, b, ¢) in R?. It is called
a three-dimensional rectangular coordinate system. Notice that, in terms of coor-
dinates, the first octant can be described as the set of points whose coordinates are all
positive.

In two-dimensional analytic geometry, the graph of an equation involving x and y
is a curve in R In three-dimensional analytic geometry, an equation in x, y, and z rep-
resents a surface in R

EXAMPLE 1 What surfaces in R* are represented by the following equations?
(@ z=3 (®) y=>5

SOLUTION

(a) The equation z = 3 represents the set {(x, y, z) | z = 3}, which is the set of all
points in R* whose z-coordinate is 3. This is the horizontal plane that is parallel to
the xy-plane and three units above it as in Figure 7(a).

Z/ y
|
| 5
|
|
10~
\Ai\ — S
| = X
x/l 5 \;
|
|

(a) z =3, a plane in R? (b) y=15, a plane in R® (c) y=5, aline in R?
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S}

FIGURE 9

SECTION 9.1 THREE-DIMENSIONAL COORDINATE SYSTEMS ® 639

(b) The equation y = 5 represents the set of all points in R* whose y-coordinate
is 5. This is the vertical plane that is parallel to the xz-plane and five units to the
right of it as in Figure 7(b). EE

NOTE - When an equation is given, we must understand from the context whether it
represents a curve in R? or a surface in R*. In Example 1, y = 5 represents a plane in
R?, but of course y = 5 can also represent a line in R? if we are dealing with two-
dimensional analytic geometry. See Figure 7(b) and (c).

In general, if k is a constant, then x = k represents a plane parallel to the yz-plane,
y = k is a plane parallel to the xz-plane, and z = k is a plane parallel to the xy-plane.
In Figure 5, the faces of the rectangular box are formed by the three coordinate
planes x = O (the yz-plane), y = 0 (the xz-plane), and z = 0 (the xy-plane), and the
planes x = a,y = b, and z = c.

EXAMPLE 2 Describe and sketch the surface in R* represented by the equation y = x.

SOLUTION The equation represents the set of all points in R* whose x- and y-coordi-
nates are equal, that is, {(x, x, z) |x € R, z € R}. This is a vertical plane that inter-
sects the xy-plane in the line y = x, z = 0. The portion of this plane that lies in the
first octant is sketched in Figure 8. BN

The familiar formula for the distance between two points in a plane is easily
extended to the following three-dimensional formula.

Distance Formula in Three Dimensions The distance |P1P2 | between the points
Pi(x1, y1, z1) and Py(x2, y2, 25) is

’P1P2’ = J(x2 —x)? + (y2 = 1)+ (22— 21)?

To see why this formula is true, we construct a rectangular box as in Figure 9,
where P, and P, are opposite vertices and the faces of the box are parallel to the coor-
dinate planes. If A(x,, y1, z1) and B(xa, y», z1) are the vertices of the box indicated in
the figure, then

PAl=lx—xi|  |ABI=|y—w|  |BP|=|zn—z]

Because triangles P;BP, and P,AB are both right-angled, two applications of the
Pythagorean Theorem give

‘P1P2|2 = ‘P1B|2 + ’BP2|2
and |PB[P=|PA[ + |AB]
Combining these equations, we get

|P\P|* = |PIA|” + |AB|* + |BP:|
=ln-—xP+|n-—yl+|z-al

=@ —x)+m=—y)+ (@)

Therefore | PPy = (x2 = x1)> + (02 — )2 + (22 — z1)?
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FIGURE 10

FIGURE 11
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EXAMPLE 3 The distance from the point P(2, —1, 7) to the point Q(1, —3, 5) is

POl =VA-2P+(B3+ 1)+ G-7=JI+4+4=3 mm

EXAMPLE 4 Find an equation of a sphere with radius r and center C(h, k, [).

y

SOLUTION By definition, a sphere is the set of all points P(x, y, z) whose distance from
C is r. (See Figure 10.) Thus, P is on the sphere if and only if | PC| = r. Squaring
both sides, we have | PC|* = r* or

x=—h+G—-k*+E-0*=r EE

The result of Example 4 is worth remembering.

Equation of a Sphere An equation of a sphere with center C(h, k, [) and radius r
is

x—h>+ G —k*+E-0>=r
In particular, if the center is the origin O, then an equation of the sphere is

x>+ y 4+ 2=

EXAMPLE 5 Show that x> + y? + z? + 4x — 6y + 2z + 6 = 0 is the equation of a
sphere, and find its center and radius.

SOLUTION We can rewrite the given equation in the form of an equation of a sphere if
we complete squares:

PHax+H+ (-6 +Y+ (P +2z2+1)=-6+4+9+1
x+22+(y—-3>+@E+1)7=8

Comparing this equation with the standard form, we see that it is the equation of a
sphere with center (—2, 3, —1) and radius \/§ = 2\/5. EE

EXAMPLE 6 What region in R* is represented by the following inequalities?
Isx*+y*+:°<4 z<0
SOLUTION The inequalities
Isx*+y*+2°<4
can be rewritten as
I<x*+y?+z22<2

so they represent the points (x, y, z) whose distance from the origin is at least 1

and at most 2. But we are also given that z < 0, so the points lie on or below the
xy-plane. Thus, the given inequalities represent the region that lies between (or on)
the spheres x*> + y* + z2 = 1 and x* + y* + z? = 4 and beneath (or on) the
xy-plane. It is sketched in Figure 11. ER
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12.

. Suppose you start at the origin, move along the x-axis a dis-
tance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates
of your position?

. Sketch the points (0, 5, 2), (4,0, —1), (2, 4, 6), and
(1, —1, 2) on a single set of coordinate axes.

. Which of the points P(6, 2, 3), Q(—5, —1, 4), and
R(0, 3, 8) is closest to the xz-plane? Which point lies in
the yz-plane?

. What are the projections of the point (2, 3, 5) on the xy-, yz-,
and xz-planes? Draw a rectangular box with the origin and
(2, 3, 5) as opposite vertices and with its faces parallel to
the coordinate planes. Label all vertices of the box. Find the
length of the diagonal of the box.

. Describe and sketch the surface in R® represented by the
equation x + y = 2.

. (a) What does the equation x = 4 represent in R*? What
does it represent in R*? Illustrate with sketches.
(b) What does the equation y = 3 represent in R*? What
does z = 5 represent? What does the pair of equations
y = 3, z = 5 represent? In other words, describe the set
of points (x, y, z) such that y = 3 and z = 5. Illustrate
with a sketch.

. Find the lengths of the sides of the triangle POR. Is it a
right triangle? Is it an isosceles triangle?
(a) P(3, =2,-3), 0(7,0,1), R(1,2,1)
(b) P2, —1,0), Q(4,1,1), R4, -5,4)

8. Find the distance from (3, 7, —5) to each of the following.
(a) The xy-plane (b) The yz-plane
(c) The xz-plane (d) The x-axis
(e) The y-axis (f) The z-axis

. Determine whether the points lie on straight line.
(a) AQ2,4,2), B3,7,—2), C(1,3,3)
(b) D(0, —5,5), E(1,—2,4), F(3,4,2)
10. Find an equation of the sphere with center (2, —6, 4) and
radius 5. Describe its intersection with each of the coordi-
nate planes.

. Find an equation of the sphere that passes through the point
(4,3, —1) and has center (3, 8, 1).

Find an equation of the sphere that passes through the ori-
gin and whose center is (1, 2, 3).

13-

14 m Show that the equation represents a sphere, and find

its center and radius.

13.
14

15.

17.

18.

19-

X+ yr+ 2 —6x+ 4y —2z2=11
4x* + 4y? + 422 — 8x + 16y =1

(a) Prove that the midpoint of the line segment from
Pi(x1, y1, 21) to Pa(x2, y2, 22) is

X1+X2 y|+y2 Zl+22
2 2 72

(b) Find the lengths of the medians of the triangle with ver-
tices A(1, 2, 3), B(—2, 0, 5), and C(4, 1, 5).

. Find an equation of a sphere if one of its diameters has end-

points (2, 1, 4) and (4, 3, 10).

Find equations of the spheres with center (2, —3, 6) that
touch (a) the xy-plane, (b) the yz-plane, (c) the xz-plane.

Find an equation of the largest sphere with center (5, 4, 9)
that is contained in the first octant.

28 m Describe in words the region of R* represented by the

equation or inequality.

19.
21.
23.
25.
27.

y=—4 20. x =10
x>3 22. y=0
0<:z<6 4. =1
x4+ yr+22<3 26. x =z
x*+z2<9 28. x>+ y?+ 22> 2z

29-32 m Write inequalities to describe the region.

29.

30.

31

32.

The half-space consisting of all points to the left of the
xz-plane

The solid rectangular box in the first octant bounded by the
planesx =1,y =2,and z = 3

The region consisting of all points between (but not on)
the spheres of radius r and R centered at the origin,
where r < R

The solid upper hemisphere of the sphere of radius 2
centered at the origin
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33. The figure shows a line L, in space and a second line L, words, the points on L, are directly beneath, or above, the
which is the projection of L, on the xy-plane. (In other points on L;.)

(a) Find the coordinates of the point P on the line L.

(b) Locate on the diagram the points A, B, and C, where
the line L, intersects the xy-plane, the yz-plane, and the
xz-plane, respectively.

34. Consider the points P such that the distance from P to
A(—1, 5, 3) is twice the distance from P to B(6, 2, —2).
Show that the set of all such points is a sphere, and find its
center and radius.

35. Find an equation of the set of all points equidistant from the
points A(—1, 5, 3) and B(6, 2, —2). Describe the set.

36. Find the volume of the solid that lies inside both of the
spheres

Xy + 2+ 4 —2y+424+5=0

and XX+ yi+2=4

9.2| Vectors

A

FIGURE 1

Equivalent vectors

A
FIGURE 2

The term vector is used by scientists to indicate a quantity (such as displacement or
velocity or force) that has both magnitude and direction. A vector is often represented
by an arrow or a directed line segment. The length of the arrow represents the magni-
tude of the vector and the arrow points in the direction of the vector. We denote a vec-
tor by printing a letter in boldface (v) or by putting an arrow above the letter (7).

For instance, suppose a particle moves along a line segment from point A to point
B. The corresponding displacement vector v, shown in Figure 1, has initial pointﬁA
(the tail) and terminal poi% B (the tip) and we indicate this by writing v = AB.
Notice that the vector u = CD has the same length and the same direction as v even
though it is in a different position. We say that u and v are equivalent (or equal) and
we write u = v. The zero vector, denoted by 0, has length 0. It is the only vector with
no specific direction.

§= Combining Vectors

Suppose a particle moves from A to B, so its displacement vector is A—B> Then tﬁhe par-
ticle changes direction and moves from B to C, with displacement vector BC as in
Figure 2. The combined effect of these displacements is that the particle has g)ved
from A to C. The resulting displacement vector AC'is called the sum of AB and BC and
we write

— - —>
AC = AB + BC

In general, if we start with vectors u and v, we first move v so that its tail coincides
with the tip of u and define the sum of u and v as follows.
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FIGURE 5

I Visual 9.2 shows how the Triangle
T‘_j and Parallelogram Laws work for
various vectors u and v.

FIGURE 6
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Definition of Vector Addition If u and v are vectors positioned so the initial point
of v is at the terminal point of u, then the sum u + v is the vector from the
initial point of u to the terminal point of v.

The definition of vector addition is illustrated in Figure 3. You can see why this defi-
nition is sometimes called the Triangle Law.

u
u-+tv v v
v
u u
FIGURE 3 The Triangle Law FIGURE 4 The Parallelogram Law

In Figure 4 we start with the same vectors u and v as in Figure 3 and draw another
copy of v with the same initial point as u. Completing the parallelogram, we see that
u + v = v + u. This also gives another way to construct the sum: If we place u and
v so they start at the same point, then u + v lies along the diagonal of the parallelo-
gram with u and v as sides. (This is called the Parallelogram Law.)

EXAMPLE 1 Draw the sum of the vectors a and b shown in Figure 5.

SOLUTION First we translate b and place its tail at the tip of a, being careful to draw a
copy of b that has the same length and direction. Then we draw the vector a + b
[see Figure 6(a)] starting at the initial point of a and ending at the terminal point of
the copy of b.

Alternatively, we could place b so it starts where a starts and construct a + b by
the Parallelogram Law as in Figure 6(b).

(a) (b) [ B

It is possible to multiply a vector by a real number c. (In this context we call the
real number ¢ a scalar to distinguish it from a vector.) For instance, we want 2v to be
the same vector as v + v, which has the same direction as v but is twice as long. In
general, we multiply a vector by a scalar as follows.

Definition of Scalar Multiplication 1If ¢ is a scalar and v is a vector, then the scalar
multiple cv is the vector whose length is | ¢ | times the length of v and whose
direction is the same as v if ¢ > 0 and is opposite to vif ¢ < 0. If ¢ = 0 or
v =0, then cv = 0.
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/2v

—1.5v

FIGURE 7
Scalar multiples of v

1 | —
<

FIGURE 8
Drawingu —v

y
(ay,a,)
L ]
a
(0] X
a=(a, a,)
z
(ay, a,, as)
(o)

a={(a,, a,, a)

FIGURE 11

\
\
\
[
\
N

This definition is illustrated in Figure 7. We see that real numbers work like scal-
ing factors here; that’s why we call them scalars. Notice that two nonzero vectors
are parallel if they are scalar multiples of one another. In particular, the vector
—v = (—1)v has the same length as v but points in the opposite direction. We call it
the negative of v.

By the difference u — v of two vectors we mean

u—v=u+(—-v)

So we can construct u — v by first drawing the negative of v, —v, and then adding it
to u by the Parallelogram Law as in Figure 8(a). Alternatively, sincev + (u — v) = u,
the vector u — v, when added to v, gives u. So we could construct u — v as in Fig-
ure 8(b) by means of the Triangle Law.

(a) (b)

EXAMPLE 2 If a and b are the vectors shown in Figure 9, draw a — 2b.

SOLUTION We first draw the vector —2b pointing in the direction opposite to b and
twice as long. We place it with its tail at the tip of a and then use the Triangle Law
to draw a + (—2b) as in Figure 10.

A

FIGURE 9 FIGURE 10 EE

a—2b

=& Components

For some purposes it’s best to introduce a coordinate system and treat vectors alge-
braically. If we place the initial point of a vector a at the origin of a rectangular coor-
dinate system, then the terminal point of a has coordinates of the form (ay, a») or
(a1, as, a3), depending on whether our coordinate system is two- or three-dimensional
(see Figure 11). These coordinates are called the components of a and we write

a= (aj,a) or a = (ai, a, as)

We use the notation {ay, a,) for the ordered pair that refers to a vector so as not to
confuse it with the ordered pair (ai, a,) that refers to a point in the plane.

%For instance, the vectors shown in Figure 12 are all equivalent to the vector
OP = (3,2) whose terminal point is P(3, 2). What they have in common is that the
terminal point is reached from the initial point by a displacement of three units to the
right and two upward. We can think of all these geometric vectors as representatlons
of the algebraic vector a = (3, 2). The particular representation OP from the origin
to the point P(3, 2) is called the position vector of the point P.
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Y (4,5) z
position
(1,3)] |P(3,2) vector of P
f(al , s, d3)
0
B(x+a,y+a,z+as)
x & A(x,y,2)

FIGURE 12 FIGURE 13
Representations of the vector a = (3, 2) Representations of a = {a,, a,, ;)

In three dimensions, the vector a = O? = (ay, ay, a3) is the position vector g the
point P(ai, as, as). (See Figure 13.) Let’s consider any other representation AB of
a, where the initial point is A(x, yi, zi) and the terminal point is B(xa, y», z2). Then we
must have x; + a1 =x2, y1 + ax=1y, and z; + a; =2z and so a; = x» — xj,
a, =y, — yi, and az = z, — z;. Thus, we have the following result.

[1] Giv_e)n the points A(xi, yi, z1) and B(x1, 2, z2), the vector a with represen-
tation AB is

a= (xz — XL Y2 7 Vi,22 — Zl>

EXAMPLE 3 Find the vector represented by the directed line segment with initial point
A(2, —3, 4) and terminal point B(—2, 1, 1).

SOLUTION By (1), the vector corresponding to A? is
a=(-2-2,1—(=3),1—-4)=(-4,4,-3) L
The magnitude or length of the vector v is the length of any of its representations

and is denoted by the symbol | v| or | v|. By using the distance formula to compute
the length of a segment OP, we obtain the following formulas.

The length of the two-dimensional vector a = (ay, a,) is
la| = Va? + a?
The length of the three-dimensional vector a = (ay, a,, as) is

jal = VaF Faz T aR

How do we add vectors algebraically? Figure 14 shows that if a = (a, a») and
b = (by, by), thenthe sumisa + b = (a, + by, a, + b,), at least for the case where
the components are positive. In other words, fo add algebraic vectors we add their
components. Similarly, to subtract vectors we subtract components. From the similar
triangles in Figure 15 we see that the components of ca are ca; and ca,. So to multi-
ply a vector by a scalar we multiply each component by that scalar.



646 CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

== \ectors in n dimensions are used to list
various quantities in an organized way. For

instance, the components of a six-dimensional ~ where ay, aa, . . ., a, are real numbers that are called the components of a. Addition
and scalar multiplication are defined in terms of components just as for the cases

vector
P = {1, P2, P3, Pas Pss Do)

might represent the prices of six different

ingredients required to make a particular prod-
uct. Four-dimensional vectors (x, y, z, t) are

components specify a position in space and
the fourth represents time.

Ifa= {(aj,a,) andb = (b, b,), then
a+b= < (a + b,a+ b) a—b=<(a — b,a— b)
ca = {ca,, cay)
Similarly, for three-dimensional vectors,
{ai, ay, az) + {bi, by, b3) = {a, + by, a, + by, as + b3)
{ay, ar, as) — {(by, bs, b3) = {a, — b\, a» — by, as — b3)

c{ay, a», as) = {cay, cas, cas)

EXAMPLE 4 Ifa = (4,0,3) and b = (—2,1,5), find |a| and the vectors a + b,
a — b, 3b, and 2a + 5b.

SOLUTION la| =42+ 02+ 32 =25 =5
a+b=(4073)+(-2,1,5)
=(4-20+1,3+5) =(2,1,8)
a—b=1(4073) - (-2,1,5)
=(4—-(-2,0—-1,3-5)=(6,—1,-2)
3b =3(-2,1,5) = (3(—2),3(1),3(5)) = (—6,3,15)

2a + 5b = 2(4,0,3) + 5(—2,1,5)

— (8,0,6) + (—10,5,25) = (—2,5,31) EE

We denote by V; the set of all two-dimensional vectors and by V3 the set of all
three-dimensional vectors. More generally, we will later need to consider the set V,, of

all n-dimensional vectors. An n-dimensional vector is an ordered n-tuple:

a={(a,a,...,a)

n=2andn = 3.

Properties of Vectors If a, b, and ¢ are vectors in V, and ¢ and d are scalars, then

used in relativity theory, where the first three l.a+b=b+a 22a+(b+c)=(a+b) +c
3.a+0=a 4. a+ (—a) =0
5. cla+b)=ca+ch 6. (c+da=ca+da
7. (cd)a = c(da) 8. la=a

These eight properties of vectors can be readily verified either geometrically or
algebraically. For instance, Property 1 can be seen from Figure 4 (it’s equivalent to the

Parallelogram Law) or as follows for the case n = 2:



(a+b)+c
=a+(b+o)

FIGURE 16

FIGURE 17
Standard basis vectors in V, and V;

(a,a,)

aj

0 ai X

(a) a=aji+a,j

(bya=aji+a,jt+ak

FIGURE 18
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a+ b = (al,az) + <b1, b2> = <a1 + b],az + b2>
= <b| + a|,b2 + Cl2> = <b1,b2> + <a1,a2>

=b+a

We can see why Property 2 (the associative law) is  true by looking at Figure 16 and
applying the Triangle Law several times: The vector PQ is obtained either by first con-
structing a + b and then adding ¢ or by adding a to the vector b + ¢.

Three vectors in V; play a special role. Let

i=(1,0,0) j=1¢0,1,0) k =(0,0,1)

Then i, j, and k are vectors that have length 1 and point in the directions of the
positive x-, y-, and z-axes. Similarly, in two dimensions we define i = (1,0) and
j = (0, 1). (See Figure 17.)

y

0,1)—;

0] i I X
(1,0)

(a) (b)
If a = {a,, a,, as), then we can write
a= (aj,a,a) = {a;,0,0) + (0,a,,0) + (0,0, as)
=a,(1,0,0) + a,(0,1,0) + a;(0,0, 1)
[2] a=ai+ ajt ak

Thus, any vector in V; can be expressed in terms of the standard basis vectors i, j,
and k. For instance,

(1,=2,6) =i— 2j + 6k
Similarly, in two dimensions, we can write
[3] a=(a,a) =ai+aj

See Figure 18 for the geometric interpretation of Equations 3 and 2 and compare with
Figure 17.

EXAMPLES Ifa=1i+ 2j — 3kand b = 4i + 7k, express the vector 2a + 3b in
terms of i, j, and k.
SOLUTION Using Properties 1, 2, 5, 6, and 7 of vectors, we have
2a + 3b = 2(i + 2j — 3k) + 3(4i + 7k)
=2i+4j—6k+ 12i + 21k = 14i + 4j + 15k BN
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A unit vector is a vector whose length is 1. For instance, i, j, and k are all unit vec-
tors. In general, if a # 0, then the unit vector that has the same direction as a is

1,
|a a|

@ u=

In order to verify this, we let ¢ = 1/ | a | Then u = ca and c is a positive scalar, so u
has the same direction as a. Also

1
[u| =lca[=]c||a] =——]a[=1
El

EXAMPLE 6 Find the unit vector in the direction of the vector 2i — j — 2k.
SOLUTION The given vector has length

|2i —j—2k| =22+ (12 + (22 =0 =3
so, by Equation 4, the unit vector with the same direction is

;2i—j—2k) =3i—3j—3k EE

§ : Applications

Vectors are useful in many aspects of physics and engineering. In Chapter 10 we will
see how they describe the velocity and acceleration of objects moving in space. Here
we look at forces.

A force is represented by a vector because it has both a magnitude (measured in
pounds or newtons) and a direction. If several forces are acting on an object, the resul-
tant force experienced by the object is the vector sum of these forces.

EXAMPLE 7 A 100-1b weight hangs from two wires as shown in Figure 19. Find the
tensions (forces) T and T, in both wires and their magnitudes.

SOLUTION We first express T, and T in terms of their horizontal and vertical compo-
nents. From Figure 20 we see that

(5] T) = —|T|cos 50°i + | T, |sin 50° j
FIGURE 19 (6] T, = | T, |cos 32°i + | T, |sin 32°

The resultant T, + T, of the tensions counterbalances the weight w and so we must
have

T, + T, =—-—w=100j
Thus

(=] T1|cos 50° + | Ta|cos 32°) i + (| T;|sin 50° + | T, |sin 32°) j = 100

Equating components, we get

FIGURE 20 —|Ti|cos 50° + | T2 |cos 32° =0
| T, |sin 50° + | T, |sin 32° = 100
Solving the first of these equations for | T, | and substituting into the second, we get

| Tq| cos 50° .
—

| T, | sin 50° + — sin 32° = 100
os 32
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So the magnitudes of the tensions are

and

B sin 50° + tan 32° cos 50°

100

~ 85.641b

=—T——=064911b
S

Substituting these values in (5) and (6), we obtain the tension vectors

T, = —55.05i + 65.60

9.2 Exercises

T, = 55.05i1 + 34.40j EE

1. Are the following quantities vectors or scalars? Explain.
(a) The cost of a theater ticket
(b) The current in a river
(c) The initial flight path from Houston to Dallas
(d) The population of the world

2. What is the relationship between the point (4, 7) and the
vector (4, 7)? Illustrate with a sketch.

3. Name all the equal vectors in the parallelogram shown.

A B

D C

4. Write each combination of vectors as a single vector.
—> —> — —>
(@) PO+ OR (b) RP + PS
—> —> —> —> —>
(c)0S — PS (d) RS + SP + PO

R

5. Copy the vectors in the figure and use them to draw the
following vectors.
(a)u+v b)u—v
o v+tw (dw+v+u

e N

6. Copy the vectors in the figure and use them to draw the fol-
lowing vectors.

(a)a+b (b)a—b

() 2a d —3b

(e)2a+b (f)b — 3a
a b

7-10 m Find a vector a with representation given by the
directed line segment AB. Draw AB and the equivalent represen-
tation starting at the origin.

7. A,3), B(-2,1)
9. A(0,3,1), B(2,3,—1)

8. A(—2,-2), B(,3)
10. A(4,0,—2), B(4,2,1)

11-14 ™ Find the sum of the given vectors and illustrate
geometrically.

M. (3,-1), (-=2,4)
13. (0,1,2), (0,0, -3)

122 (=2,-1), (5,7)
4. (—1,0,2), (0,4,0)

15-18 m Finda + b, 2a + 3b, |a|, and |a — b]|.
15. a= (5,—12), b= (-3,—-6)
16.a=4i+j b=i-—2j

a

17.a=i+2j-3k b=-2i-j+5k
18.a=2i—4j+4k b=2j—k

19. Find a unit vector with the same direction as 8i — j + 4k.

20. Find a vector that has the same direction as (—2, 4, 2) but
has length 6.
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21. If v lies in the first quadrant and makes an angle /3 with
the positive x-axis and | v| = 4, find v in component form.

22. If a child pulls a sled through the snow with a force of 50 N
exerted at an angle of 38° above the horizontal, find the hor-
izontal and vertical components of the force.

23. Two forces F, and F, with magnitudes 10 1b and 12 1b act
on an object at a point P as shown in the figure. Find the
resultant force F acting at P as well as its magnitude and its
direction. (Indicate the direction by finding the angle 6
shown in the figure.)

24. Velocities have both direction and magnitude and thus are
vectors. The magnitude of a velocity vector is called speed.
Suppose that a wind is blowing from the direction N45°W
at a speed of 50 km/h. (This means that the direction
from which the wind blows is 45° west of the northerly
direction.) A pilot is steering a plane in the direction N60°E
at an airspeed (speed in still air) of 250 km/h. The true
course, or track, of the plane is the direction of the resul-
tant of the velocity vectors of the plane and the wind. The
ground speed of the plane is the magnitude of the resultant.
Find the true course and the ground speed of the plane.

25. A woman walks due west on the deck of a ship at 3 mi/h.
The ship is moving north at a speed of 22 mi/h. Find the
speed and direction of the woman relative to the surface of
the water.

26. Ropes 3 m and 5 m in length are fastened to a holiday deco-
ration that is suspended over a town square. The decoration
has a mass of 5 kg. The ropes, fastened at different heights,
make angles of 52° and 40° with the horizontal. Find the
tension in each wire and the magnitude of each tension.

40°

27. A clothesline is tied between two poles, 8 m apart. The line
is quite taut and has negligible sag. When a wet shirt with
a mass of 0.8 kg is hung at the middle of the line, the mid-

point is pulled down 8 cm. Find the tension in each half of
the clothesline.

28. The tension T at each end of the chain has magnitude 25 N.

What is the weight of the chain?

N e

29.

30.

3L

32.

33.

34.

35.

36.

37.

\\ //
T 7\\\\ ////§ 7

N 7
N e

(a) Draw the vectorsa = (3,2),b = (2, —1), and
c=(7,1).

(b) Show, by means of a sketch, that there are scalars s and
t such that ¢ = sa + tb.

(c) Use the sketch to estimate the values of s and r.

(d) Find the exact values of s and .

Suppose that a and b are nonzero vectors that are not paral-
lel and ¢ is any vector in the plane determined by a and b.
Give a geometric argument to show that ¢ can be written as
¢ = sa + rb for suitable scalars s and 7. Then give an argu-
ment using components.

Suppose a is a three-dimensional unit vector in the first
octant that starts at the origin and makes angles of 60° and
72° with the positive x- and y-axes, respectively. Express a
in terms of its components.

Suppose a vector a makes angles «, 3, and y with the posi-
tive x-, y-, and z-axes, respectively. Find the components of
a and show that

cos’a + cos’B + cos’y = 1

(The numbers cos «, cos 3, and cos vy are called the direc-
tion cosines of a.)

Ifr = (x,y,z) and ry = (xo, Yo, Zo), describe the set of all
points (x, y, z) such that |r — ry| = 1.

Ifr = (x,y), ri = (x1, y1), and r» = (x,, y2), describe the
set of all points (x, y) such that |r — ri| + |r — 12| = &,
where k > |r; — 1.

Figure 16 gives a geometric demonstration of Property 2 of
vectors. Use components to give an algebraic proof of this
fact for the case n = 2.

Prove Property 5 of vectors algebraically for the case n = 3.
Then use similar triangles to give a geometric proof.

Use vectors to prove that the line joining the midpoints of
two sides of a triangle is parallel to the third side and half
its length.



38. Suppose the three coordinate planes are all mirrored and a
light ray given by the vector a = (ay, a,, as) first strikes
the xz-plane, as shown in the figure. Use the fact that
the angle of incidence equals the angle of reflection to
show that the direction of the reflected ray is given by
b = (ai, —aa, a3). Deduce that, after being reflected by
all three mutually perpendicular mirrors, the resulting ray
is parallel to the initial ray. (American space scientists
used this principle, together with laser beams and an array
of corner mirrors on the Moon, to calculate very precisely
the distance from the Earth to the Moon.)
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9.3| The Dot Product

L————

So far we have added two vectors and multiplied a vector by a scalar. The question
arises: Is it possible to multiply two vectors so that their product is a useful quantity?
One such product is the dot product, which we consider in this section. Another is the
cross product, which is discussed in the next section.

!: Work and the Dot Product

FIGURE 1

An example of a situation in physics and engineering where we need to combine two
vectors occurs in calculating the work done by a force. In Section 6.5 we defined the
work done by a constant force F in moving an object through a distance d as W = Fd,
but this applies only when the force is directed along the ling of motion of the object.
Suppose, however, that the constant force is a vector F = PR pointing in some other
direction, as in Figure 1. Il;the force moves the object from P to Q, then the dis-
placement vector is D = PQ. So here we have two vectors: the force F and the dis-
placement D. The work done by F is defined as the magnitude of the displacement,
| D |, multiplied by the magnitude of the applied force in the direction of the motion,
which, from Figure 1, is

|P?S’| = |F|COSG
So the work done by F is defined to be
[1] W=|D|(|F|cos6) = |F||D|cos 6

Notice that work is a scalar quantity; it has no direction. But its value depends on the
angle 6 between the force and displacement vectors.

We use the expression in Equation 1 to define the dot product of two vectors even
when they don’t represent force or displacement.

Definition The dot product of two nonzero vectors a and b is the number
a-b=|al||b|cosb

where 6 is the angle between a and b, 0 < 6 < 7. (So 6 is the smaller angle
between the vectors when they are drawn with the same initial point.) If either
aorbis0, we definea-b = 0.
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FIGURE 2

a-b>0

a-b<0

» »
> ®
S
=2 = =2
»
=
Il
o

FIGURE 3

‘I'c Visual 9.3A shows an animation of
Lj Figure 3.

This product is called the dot product because of the dot in the notation a - b. The
result of computing a + b is not a vector. It is a real number, that is, a scalar. For this
reason, the dot product is sometimes called the scalar product.

In the example of fgding the work done by a force F in moving an object through
a displacement D = PQ by calculating F - D = |F||D]| cos 6, it makes no sense for
the angle 6 between F and D to be 77/2 or larger because movement from P to Q
couldn’t take place. We make no such restriction in our general definition of a - b,
however, and allow 6 to be any angle from O to 7.

EXAMPLE 1 If the vectors a and b have lengths 4 and 6, and the angle between them
is 7r/3, find a - b.

SOLUTION According to the definition,

a-b=|al|b|cos(m/3)=4-6-3=12 EE

EXAMPLE 2 A crate is hauled 8 m up a ramp under a constant force of 200 N applied
at an angle of 25° to the ramp. Find the work done.

SOLUTION If F and D are the force and displacement vectors, as pictured in Figure 2,
then the work done is

W=F-D=|F||D| cos 25°
= (200)(8) cos 25° = 1450 N-m = 14507 EE
Two nonzero vectors a and b are called perpendicular or orthogonal if the angle
between them is @ = /2. For such vectors we have
a-b=|al||b|cos(m/2) =0

and conversely if a -+ b = 0, then cos 8 = 0, so § = /2. The zero vector 0 is con-
sidered to be perpendicular to all vectors. Therefore

[2] Two vectors a and b are orthogonal if and only ifa - b = 0.

Because cos 0 > 0if 0 < 0 < 7/2 and cos 6 < 0 if 7/2 < 6 < 7, we see that
a - b is positive for § < /2 and negative for 6§ > 7r/2. We can think of a - b as
measuring the extent to which a and b point in the same direction. The dot product
a - b is positive if a and b point in the same general direction, O if they are perpendi-
cular, and negative if they point in generally opposite directions (see Figure 3). In the
extreme case where a and b point in exactly the same direction, we have 6 = 0, so
cos § =1 and

a-b=|al[b]

If a and b point in exactly opposite directions, then # = 7 and so cos § = —1 and
a-b=—|a||b|.
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FIGURE 4
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g: The Dot Product in Component Form

Suppose we are given two vectors in component form:
a = (ai, a, as) b = (b, by, bs)

We want to find a convenient expression for a - b in terms of these components. If we
apply the Law of Cosines to the triangle in Figure 4, we get

la—b|>=|al’+ |b|*—2|a]||/b]|coso
=|al>*+ |b|*—2a-b
Solving for the dot product, we obtain
a-b=4(af + b} ~[a- b
=slal +a} +al+ b} + b3+ bl — (ay — b)* — (@ — b)* — (as — by)’]

= albl + a2b2 + Cl3b3

The dot product of a = (a,, a,, as) and b = (b,, b,, bs) is

a-b=ab, + a,b, + a;b;

Thus, to find the dot product of a and b we multiply corresponding components and
add. The dot product of two-dimensional vectors is found in a similar fashion:

<al7a2> : <b17b2> = a,b, + ab,

EXAMPLE 3 (2,4) - (3, 1) =23) + 4(—-1) =2
(—1,7,4) - (6,2, =3) = (=1)(6) + 72) + 4(—1) =6
(i+2j—3Kk)-Q2j— Kk =10) +202) + (=3)(-1) =7 EE

EXAMPLE 4 Show that 2i + 2j — k is perpendicular to 5i — 4j + 2k.
SOLUTION Since

QRi+2j—Kk)-(Gi—4j+2k) =205 +2(-4) +(-1D2)=0

these vectors are perpendicular by (2). EE

EXAMPLE 5 Find the angle between the vectors a = (2,2, —1) and b = (5, —3,2).
SOLUTION Let 0 be the required angle. Since

la| =22 +22+ (=1)? =3 and |b| =52+ (=32 +22 =38

and since
a‘b=205)+2(-3)+(-DHQ2)=2
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Visual 9.3B shows how Figure 5
changes when we vary a and b.

FIGURE 5
Vector projections

we have, from the definition of the dot product
a‘b 2

cos 0 =
a[[b] ~ 338

So the angle between a and b is

> ~ 1.46 (or 84°) -

2
= il Y (RS
6= cos <3\/§

EXAMPLE 6 A force is given by a vector F = 3i + 4j + 5k and moves a particle
from the point P(2, 1, 0) to the point Q(4, 6, 2). Find the work done.

SOLUTION The displacement vector is D = P_Q> = (2,5, 2), so the work done is
W=F-D=(3,4,5)-(2,5,2)
=6+20+ 10=36
If the unit of length is meters and the magnitude of the force is measured in new-

tons, then the work done is 36 J. rr

The dot product obeys many of the laws that hold for ordinary products of real
numbers. These are stated in the following theorem.

Properties of the Dot Product If a, b, and ¢ are vectors in V; and c¢ is a scalar, then

l.a-a=|al 22.a-b=b-a
3.abb+c)=a-b+a-c 4. (ca)b=c(a-b)=a- (cb)
5. 0-a=0

Properties 1, 2, and 5 are immediate consequences of the definition of a dot prod-
uct. Property 3 is best proved using components:

a(b+c¢)={a,a,as) (b +c,b,+ cy,bs + c3)
=a,(by + ¢1) + axb, + ¢2) + as(bs + c3)
= ab, + aic; + axby + ayc, + asbs + aszc;
= (a\b, + asb, + aszb;) + (aic; + ac, + aszcs)
=a-b+t+a-c
The proof of Property 4 is left as Exercise 41.

. . Projections

—> —>
Figure 5 shows representations PQ and PR of two vectors a and b with the same ini-
tial point P. If § is the foot of the perpendicular from R to the line containing PQ, then

-3
the vector with representation PS is called the vector projection of b onto a and is




P |b| cos & = comp, b

FIGURE 6

Scalar projection

9.3 Exercises
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denoted by proj. b. (You can think of it as a shadow of b). The scalar projection of
b onto a (also called the component of b along a) is defined to be numerically the
length of the vector projection, which is the number |b | cos 6, where 6 is the angle
between a and b. (See Figure 6.) This is denoted by comp, b. Observe that it is nega-
tive if 7/2 < 0 < . (Note that we used the component of the force F along the dis-
placement D, compy, F, at the beginning of this section.)

The equation

a-b=|al|b|cos6=al(|b]cos 6)

shows that the dot product of a and b can be interpreted as the length of a times the
scalar projection of b onto a. Since

a*b a
2 "< .p

lal  a
the component of b along a can be computed by taking the dot product of b with the
unit vector in the direction of a. To summarize:

|b|cos 6=

Scalar projection of b onto a: comp, b =

Vector projection of b onto a: proja b = <—

EXAMPLE 7 Find the scalar projection and vector projection of b = (1, 1, 2) onto
a=(-2,31).

SOLUTION Since |a| = +/(—2)? + 32 + 12 = /14, the scalar projection of b onto a

18

a-b  (=2)(1) +3(1) + 1(2) _ 3

al iz 1z

The vector projection is this scalar projection times the unit vector in the direction
of a:

comp, b =

3 a3 39 3
10]a = = = T, T, T
PORD =14 [a| ~ 14 7714 14 -

At the beginning of this section we saw one use of projections in physics—we used
a scalar projection of a force vector in defining work. Other uses of projections occur
in three-dimensional geometry. In Exercise 35 you are asked to use a projection to find
the distance from a point to a line, and in Section 9.5 we use a projection to find the
distance from a point to a plane.

1. Which of the following expressions are meaningful? Which 2. Find the dot product of two vectors if their lengths are 6
are meaningless? Explain. and § and the angle between them is /4.
@@ (a-b)-c (b) (a-b)e .
© lalb- ) @a-(b+0o 378 % Finda-b.
(e a-b+c (f)|al -+ ¢ 3. |a|] =6, |b|=35, the angle between a and b is 277/3



656 CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

4. a=(-23), b=1(0712)
5.a=(4,1,1), b=(6 -3, -8)
6. a= (s,2s5,3s), b= (1, —t51)
7.a=i—2j +3k, b=5i+09k
8.a=4j—3k b=2i+4j+6k

9=10 ™ If w is a unit vector, find u * vand u - w.

9. 10. u

1. (a) Show thati-j=j-k=k-i=0.
(b) Show thati-i=j-j=k-k=1.

12. A street vendor sells @ hamburgers, b hot dogs, and ¢ soft
drinks on a given day. He charges $2 for a hamburger,
$1.50 for a hot dog, and $1 for a soft drink. If A = (a, b, ¢)
and P = (2, 1.5, 1), what is the meaning of the dot prod-
uct A - P?

13-15 ™ Find the angle between the vectors. (First find an exact
expression and then approximate to the nearest degree.)

13.a=(-8,6), b={(/7.3)
. a=(4,02), b=1(2—10)
5.a=j+k b=i+2j—3k

16. Find, correct to the nearest degree, the three angles of the
triangle with vertices D(0, 1, 1), E(—2, 4, 3), and
F(1,2, —1).

17-18 m Determine whether the given vectors are orthogonal,
parallel, or neither.

17. (@) a= (-5,3,7), b= (6,-8,2)
(b)a= (4,6), b= (-3,2)
(©a=—-i+2j+5k b=3i+4j—k
da=2i+6j—4k b= —3i—9j+ 6k

18. (@) u=(—-3,9,6), v=(4,—-12,-8)
u=i—j+2k v=2i—j+k
(©u={(a,b,c), v=(-b,a0)

19. Use vectors to decide whether the triangle with vertices
P(1, =3, —2), 0(2,0, —4), and R(6, —2, —5) is right-
angled.

20. For what values of b are the vectors (—6, b, 2) and
(b, b*, b) orthogonal?

21. Find a unit vector that is orthogonal to both i + jand i + k.

22. Find two unit vectors that make an angle of 60° with
v=(34).

23-26 ™ Find the scalar and vector projections of b onto a.
23. a= (3,-4), b=(50)

4. a=(1,2), b=<(—4,1)

25. a=(3,6,-2), b=(1,2,3)

2. a=i+j+k b=i—-j+Kk

27. Show that the vector orth, b = b — proj, b is orthogonal
to a. (It is called an orthogonal projection of b.)

28. For the vectors in Exercise 24, find orth , b and illustrate by
drawing the vectors a, b, proj, b, and orth 4 b.

29. If a = (3,0, —1), find a vector b such that comp, b = 2.

30. Suppose that a and b are nonzero vectors.
(a) Under what circumstances is comp, b = compyp a?
(b) Under what circumstances is proj, b = projp a?

31. A constant force with vector representation
F = 10i + 18 j — 6k moves an object along a straight line
from the point (2, 3, 0) to the point (4, 9, 15). Find the work
done if the distance is measured in meters and the magnitude
of the force is measured in newtons.

32. Find the work done by a force of 20 1b acting in the direc-
tion NSO°W in moving an object 4 ft due west.

33. A woman exerts a horizontal force of 25 b on a crate as she
pushes it up a ramp that is 10 ft long and inclined at an
angle of 20° above the horizontal. Find the work done on
the box.

34. A wagon is pulled a distance of 100 m along a horizontal
path by a constant force of 50 N. The handle of the wagon
is held at an angle of 30° above the horizontal. How much
work is done?

35. Use a scalar projection to show that the distance from a
point Py(x,, yi) to the line ax + by + ¢ = 0 is

|axi + by + ¢

Jat bt

Use this formula to find the distance from the point (-2, 3)
to the line 3x — 4y + 5 = 0.

36. If r = (x,y,z),a= {ai, a», as),and b = {by, by, b3),
show that the vector equation (r — a) + (r — b) = 0 repre-
sents a sphere, and find its center and radius.



37. Find the angle between a diagonal of a cube and one of its
edges.

38. Find the angle between a diagonal of a cube and a diagonal
of one of its faces.

39. A molecule of methane, CHy, is structured with the four
hydrogen atoms at the vertices of a regular tetrahedron
and the carbon atom at the centroid. The bond angle is the
angle formed by the H— C—H combination; it is the angle
between the lines that join the carbon atom to two of the
hydrogen atoms. Show that the bond angle is about 109.5°.
[Hint Take the vertices of the tetrahedron to be the points
(1,0,0), (0, 1,0), (0,0, 1), and (1 1, 1) as shown in the
figure. Then the centroid is (2, i

z
H

H
X

40. If ¢ = |a|b + |b|a, where a, b, and c¢ are all nonzero
vectors, show that ¢ bisects the angle between a and b.

41.

42.

43.

44.

45.
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Prove Property 4 of the dot product. Use either the defini-
tion of a dot product (considering the cases ¢ > 0, ¢ = 0,
and ¢ < 0 separately) or the component form.

Suppose that all sides of a quadrilateral are equal in length
and opposite sides are parallel. Use vector methods to show
that the diagonals are perpendicular.

Prove the Cauchy-Schwarz Inequality:

la-b|<]a||b]

The Triangle Inequality for vectors is

|a+b|=<]a|]+|b|

(a) Give a geometric interpretation of the Triangle Inequality.

(b) Use the Cauchy-Schwarz Inequality from Exercise 43 to
prove the Triangle Inequality. [Hint: Use the fact that
|a+ Db|*=(a+b):(a+ b)and use Property 3 of the
dot product.]

The Parallelogram Law states that
la+bP+|a—bP=2al +2[b]

(a) Give a geometric interpretation of the Parallelogram
Law.

(b) Prove the Parallelogram Law. (See the hint in
Exercise 44.)

9.4 The Cross Product

The cross product a X b of two vectors a and b, unlike the dot product, is a vector.
For this reason it is also called the vector product. We will see that a X b is useful
r in geometry because it is perpendicular to both a and b. But we introduce this prod-
~ uct by looking at a situation where it arises in physics and engineering.

!= Torque and the Cross Product

If we tighten a bolt by applying a force to a wrench as in Figure 1, we produce a turn-

FIGURE 1

ing effect called a torque 7. The magnitude of the torque depends on two things:

= The distance from the axis of the bolt to the point where the force is applied.

r This i

|F|sin 0 see that it is

FIGURE 2

= The scalar component of the force F in the direction perpendicular to r.
F This is the only component that can cause a rotation and, from Figure 2, we

| F|sin 6

where 6 is the angle between the vectors r and F.
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FIGURE 3
The right-hand rule gives
the direction of a X b.

‘I'c Visual 9.4 shows how a X b changes
L_B as b changes.

== |n particular, any vector a is parallel to
itself, so
aXa=0

FIGURE 4

We define the magnitude of the torque vector to be the product of these two factors:
|7| = |r||F|sin 6

The direction is along the axis of rotation. If n is a unit vector that points in the direc-
tion in which a right-threaded bolt moves (see Figure 1), we define the torque to be
the vector

[1] 1'=(|1'||F|sin0)n

We denote this torque vector by 7 = r X F and we call it the cross product or vector
product of r and F.

The type of expression in Equation 1 occurs so frequently in the study of fluid flow,
planetary motion, and other areas of physics and engineering, that we define and study
the cross product of any pair of three-dimensional vectors a and b.

Definition If a and b are nonzero three-dimensional vectors, the cross product
of a and b is the vector

a X b=_(a||b|sin6)n

where 6 is the angle between a and b, 0 < 6 < 7, and n is a unit vector per-
pendicular to both a and b and whose direction is given by the right-hand
rule: If the fingers of your right hand curl through the angle 6 from a and b,
then your thumb points in the direction of n. (See Figure 3.)

If either a or b is 0, then we define a X b to be 0.
Because a X b is a scalar multiple of n, it has the same direction as n and so

a X b is orthogonal to both a and b.

Notice that two nonzero vectors a and b are parallel if and only if the angle be-
tween them is O or 7. In either case, sin® = 0 andsoa X b = 0.

Two nonzero vectors a and b are parallel if and only if a X b = 0.

This makes sense in the torque interpretation: If we pull or push the wrench in the
direction of its handle (so F is parallel to r), we produce no torque.

EXAMPLE 1 A bolt is tightened by applying a 40-N force to a 0.25-m wrench as
shown in Figure 4. Find the magnitude of the torque about the center of the bolt.

SOLUTION The magnitude of the torque vector is

|7| = |r X F| = |r||F|sin 75°|n| = (0.25)(40) sin 75°
= 10sin 75° = 9.66 N-m = 9.66J
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If the bolt is right-threaded, then the torque vector itself is
7= |7|n~=966n

where n is a unit vector directed down into the page. ERN

EXAMPLE 2 Find i X jand j X i.

SOLUTION The standard basis vectors i and j both have length 1 and the angle between
them is 77/2. By the right-hand rule, the unit vector perpendicular to i and j is n = k
(see Figure 5), so

ixj=/(il|j|sin(=/2)k =k

But if we apply the right-hand rule to the vectors j and i (in that order), we see that
n points downward and so n = —k. Thus

jxXi=-k EE
From Example 2 we see that
iXj#jXi
so the cross product is not commutative. Similar reasoning shows that
JxXk=i kXj=—i
kXi=j iXk=—j
In general, the right-hand rule shows that
bXa=-—-aXhb

Another algebraic law that fails for the cross product is the associative law for mul-
tiplication; that is, in general,

(axXb)Xec#aX(bXec)
For instance, if a = i, b =i, and ¢ = j, then
IXi)pXj=0XxXj=0

whereas
iX(AXj)=ixXk=—j

However, some of the usual laws of algebra do hold for cross products:

Properties of the Cross Product If a, b, and ¢ are vectors and c is a scalar, then
l.aXb=-bXa

2. (ca) Xb=c(a X b)=a X (cb)

J.axX(b+ec=aXbtaXec

4. (a+b)Xec=aXc+bXec

Property 2 is proved by applying the definition of a cross product to each of the
three expressions. Properties 3 and 4 (the Vector Distributive Laws) are more difficult
to establish; we won’t do so here.
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FIGURE 6

== Note that
iXi=0 jXj=0 kxk=0

A geometric interpretation of the length of the cross product can be seen by look-
ing at Figure 6. If a and b are represented by directed line segments with the same ini-
tial point, then they determine a parallelogram with base |a|, altitude | b|sin 6, and
area

A=la|(|b|sing) = |a X b]|

The length of the cross product a X b is equal to the area of the parallelogram
determined by a and b.

N\; The Cross Product in Component Form

Suppose a and b are given in component form:
a=a1i+a2j+a3k b=b|i+sz+b3k

We can express a X b in component form by using the Vector Distributive Laws
together with the results from Example 2:

aXb=(ai+ aj+t ak) X (bi+ bj+ bk)
=abii X i+ abi X j+ abi Xk
+ ab1j X1+ abrj X j+ absj Xk
+ asbik X i+ asb,k X j + azbsk X k
= aib,k + a\bs(—j) + arbi(—K) + absi + azb,j + az;b,(—1i)
= (ab; — asby)i + (asby — a1b3)j + (a1bs — axby)k

@ Ifa= <a1, ay, a3> and b = <b1, bz, b3>, then

a X b = (ab; — asbhs, asb) — a\bs, a1b, — axby)

In order to make this expression for a X b easier to remember, we use the notation
of determinants. A determinant of order 2 is defined by

a b

e d = ad — bc

For example, =2(4) - 1(-6)= 14

2 1
—6 4

A determinant of order 3 can be defined in terms of second-order determinants as
follows:

a a as
@ by by, bs|=a

C1 Cy C3

b, b;

Ca C3

by b;

C1 C3

by b,

C1 Cy

) as
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Observe that each term on the right side of Equation 3 involves a number a; in the first
row of the determinant, and a; is multiplied by the second-order determinant obtained
from the left side by deleting the row and column in which a; appears. Notice also the
minus sign in the second term. For example,

1 2 -
1 1

50 1/=1/° P +(—1) 30
4 2 -5 2 -5 4

-5 4 2

=10—-4)—26+5)+(-1)(12 —0) = —38

If we now rewrite (2) using second-order determinants and the standard basis
vectors i, j, and k, we see that the cross product of a = a,i + a»j + a;k and
b = b]i + sz + b3kiS

da; das

by bs

a, das

by bs

a; dp

X b =
4 4 b b

i— j+ Kk

In view of the similarity between Equations 3 and 4, we often write

i j k
@ axXb= a, dx das
by by bs

Although the first row of the symbolic determinant in Equation 5 consists of vectors,
if we expand it as if it were an ordinary determinant using the rule in Equation 3, we
obtain Equation 4. The symbolic formula in Equation 5 is probably the easiest way of
remembering and computing cross products.

EXAMPLE 3 Ifa = (1,3,4) and b = (2,7, —5), then

i j k
axXb=|1 3 4
2 7 =5
3 4], 1 4. I 3
= i— it k
7 =5 2 =5 27

=(-15-28)i—(—=5—-8)j+(7T—6k=—43i + 13j + k BN
EXAMPLE 4 Find a vector perpendicular to the plane that passes through the points
P(1,4,6), 0(=2,5, —1),and R(1, —1, 1).

SOLUTION The vector P_Q> X P? is perpendicular to both PZ and ﬁ and is therefore
perpendicular to the plane through P, Q, and R. We know from (9.2.1) that

PO=(—2—-1i+G5-4j+(—1—6k=-3i+j— 7k

PR=(1—-1)i+ (~1-4)j+ (- 6k=—5j— 5k
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We compute the cross product of these vectors:

i j kK
— >
POXPR=|-3 1 -7

0 -5 -5

— (=5 —35)i — (15 — 0)j + (15 — 0)k = —40i — 15j + 15k

So the vector (—40, —15, 15) is perpendicular to the given plane. Any nonzero
scalar multiple of this vector, such as (—8, —3, 3), is also perpendicular to the
plane. ERN

EXAMPLE 5 Find the area of the triangle with vertices P(1, 4, 6), (=2, 5, — 1),
and R(1, —1, 1).

SOLUTION In Example 4 we computed that PZ X PR = (=40, —15, 15). The area of
the parallelogram with adjacent sides PQ and PR is the length of this cross product:

|PG x PR| = (=401 + (=150 + 152 = 582

The area A of the triangle POR is half the area of this parallelogram, that is, 3 /82.
Fr

g; Triple Products

FIGURE 7

The product a + (b X ¢) is called the scalar triple product of the vectors a, b, and c.
Its geometric significance can be seen by considering the parallelepiped determined
by the vectors a, b, and c. (See Figure 7.) The area of the base parallelogram is
A = |b X ¢|. If 0 s the angle between a and b X ¢, then the height / of the parallel-
epiped is & = |a||cos 6. (We must use | cos 6| instead of cos 6 in case 0 > 7/2.)
Thus, the volume of the parallelepiped is

V=Ah=|b X c||a||cos 0] =|a- (b X ¢)]

Therefore, we have proved the following:

The volume of the parallelepiped determined by the vectors a, b, and c¢ is the
magnitude of their scalar triple product:

V=|a-(bXc|

Instead of thinking of the parallelepiped as having its base parallelogram deter-
mined by b and ¢, we can think of it with base parallelogram determined by a and b.
In this way, we see that

a*(bXc)=c-(axbh)

But the dot product is commutative, so we can write
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[6] a-(bXc¢)=(@xXbhb)-c

Suppose that a, b, and ¢ are given in component form:

a=a1i+a2j+a3k b=b1i+b2j+b3k c=cli+czj+03k

Then
b, b by b by b
a-(b><c)=a-[ R R S zk]
C C3 c1 C3 cCi 2
bz b3 b1 b3 bl b2
= a — s + as
Cy C3 CT C3 ci C

This shows that we can write the scalar triple product of a, b, and ¢ as the determinant
whose rows are the components of these vectors:

a a das
a°(b><c)= b] b2 b3
C Cy C3

EXAMPLE 6 Use the scalar triple product to show that the vectors a = (1,4, —7),
b = (2,—1,4),and ¢ = (0, —9, 18) are coplanar; that is, they lie in the same
plane.

SOLUTION We use Equation 7 to compute their scalar triple product:

1 4 -7
a(bXe=1[2 -1 4
0 -9 18
e 2 4] ]2 -1
-9 18 0 18 0 -9

1(18) — 4(36) — 7(—18) = 0

Therefore, the volume of the parallelepiped determined by a, b, and c is 0. This
means that a, b, and ¢ are coplanar. rr

The product a X (b X ¢) is called the vector triple product of a, b, and c. The
proof of the following formula for the vector triple product is left as Exercise 30.

aX((bXe)=(@a-c)b—(a-b)

Formula 8 will be used to derive Kepler’s First Law of planetary motion in Chap-
ter 10.
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9.4 Exercises

1. State whether each expression is meaningful. If not, explain
why. If so, state whether it is a vector or a scalar.
(a)a-( Xc) (b) axX (b-c)
(c)a X (bXc (d (a-b)Xec
(e) (@*b) X (c-d) (f) (aXb)-(cXxd)

2-3 m Find |u X v| and determine whether u X v is directed
into the page or out of the page.

lul=6

4, The figure shows a vector a in the xy-plane and a vector b
in the direction of k. Their lengths are |a| = 3 and |b| = 2.
(a) Find [a X b]|.

(b) Use the right-hand rule to decide whether the compo-
nents of a X b are positive, negative, or 0.

5. A bicycle pedal is pushed by a foot with a 60-N force as
shown. The shaft of the pedal is 18 cm long. Find the mag-
nitude of the torque about P.

60N
70°
;@*\TO?" P

6. Find the magnitude of the torque about P if a 36-1b force is
applied as shown.

4 ft

7-11 ™ Find the cross product a X b and verify that it is
orthogonal to both a and b.

7.a=(1,2,0), b=1(0,3,1)
8.a=(514), b=(-102)

9.a= (1,1’ 1"), b=(1,213r)
10.a=i+ej+e’'k b=2i+cj—c'k
N.a=3i+2j+4k b=i-2j- 3k

12. Ifa=1i— 2kand b = j + Kk, find a X b. Sketch a, b, and
a X b as vectors starting at the origin.

13. Find two unit vectors orthogonal to both (2, 0, —3)
and (—1,4,2).

14. Find two unit vectors orthogonal to both i + j + k
and 2i + k.

15. Find the area of the parallelogram with vertices A(—2, 1),
B(0,4), C(4,2), and D(2, —1).

16. Find the area of the parallelogram with vertices K(1, 2, 3),
L(1, 3, 6), M(3, 8, 6), and N(3, 7, 3).

17-18 m (a) Find a vector orthogonal to the plane through the

points P, O, and R, and (b) find the area of triangle POR.

17. P(0, —2,0), Q(4,1,-2), R(5,3,1)

18. P(2,1,5), Q(—1,3,4), R(3,0,6)

19. A wrench 30 cm long lies along the positive y-axis and
grips a bolt at the origin. A force is applied in the direction
(0, 3, —4) at the end of the wrench. Find the magnitude of
the force needed to supply 100 J of torque to the bolt.

20. Let v = 5j and let u be a vector with length 3 that starts at
the origin and rotates in the xy-plane. Find the maximum
and minimum values of the length of the vector u X v. In
what direction does u X v point?

21-22 m Find the volume of the parallelepiped determined by
the vectors a, b, and c.

2. a=(6,3,—-1), b=<(0,1,2), ¢=(4,-2,5)

2. a=i+j—k b=i—-j+k c=—-it+j+k

23-24 m Find the volume of the parallelepiped with adjacent
edges PQ, PR, and PS.

23. P(2,0,-1), Q0(4,1,0), R3,—1,1), S(2,-2,2)
4. P(3,0,1), 0(-1,2,5), R(5,1,-1), $(0.4,2)
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. Use the scalar triple product to verify that the vectors

u=1i+5j—2k,v=3i—j,andw=15i +9j — 4k
are coplanar.

. Use the scalar triple product to determine whether the

points A(1, 3,2), B(3, —1, 6), C(5, 2, 0), and D(3, 6, —4) lie
in the same plane.

. (a) Let P be a point not on the line L that passes through

the points Q and R. Show that the distance d from the
point P to the line L is

—> —>
where a = QR and b = QP.

(b) Use the formula in part (a) to find the distance from
the point P(1, 1, 1) to the line through Q(0, 6, 8) and
R(—1,4,7).

. (a) Let P be a point not on the plane that passes through the

points Q, R, and S. Show that the distance d from P to
the plane is
. X
g la-(bXc]
|aXDb]

—> — —>
where a = QOR, b = QS, and ¢ = QP.
(b) Use the formula in part (a) to find the distance from the
point P(2, 1, 4) to the plane through the points Q(1, 0, 0),
R(0, 2, 0), and S(0, 0, 3).

. Prove that (a — b) X (a + b) = 2(a X b).

. Prove the following formula for the vector triple product:

axX(bbXc)=(@-cb—(a-b)c

31

32.

33.

34.
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Use Exercise 30 to prove that
axX(bXec)+bX(eXa)+eX(@axb)=0
Prove that

a-c b-c

(aXb):(ecxd= a-d b-d

Suppose that a # 0.

(a) Ifa-b = a - c, does it follow that b = ¢?

(b) Ifa X b = a X c, does it follow that b = ¢?

(c)Ifa-b=a-canda X b= a X ¢, does it follow
that b = ¢?

If vy, v2, and v are noncoplanar vectors, let

V2 X V3
kk=—"—"F-—""-H/—
Vi c (V2 X vs)

K — v; X V|
vic (V2 X v3)

k3 _ Vi X V2

Vi (v2 X v3)

(These vectors occur in the study of crystallography. Vectors
of the form n,v, + n,v, + n3vs, where each n; is an
integer, form a lattice for a crystal. Vectors written similarly
in terms of k,, k,, and ks form the reciprocal lattice.)
(a) Show that k; is perpendicular to v; if i # j.
(b) Show thatk; - v;= 1fori = 1,2, 3.

1

(c) Show thatk; « (ko X k3) = ——————.
Vi (V2 X V3)

The Geometry of a Tetrahedron

P A tetrahedron is a solid with four vertices, P, Q, R, and S, and four triangular faces as

shown in the figure.

1. Let vy, v», v3, and v, be vectors with lengths equal to the areas of the faces opposite the
vertices P, O, R, and S, respectively, and directions perpendicular to the respective faces
and pointing outward. Show that

V1+V2+V3+V4=0

. The volume V of a tetrahedron is one-third the distance from a vertex to the opposite

face, times the area of that face.

(a) Find a formula for the volume of a tetrahedron in terms of the coordinates of its
vertices P, O, R, and S.

(b) Find the volume of the tetrahedron whose vertices are P(1, 1, 1), O(1, 2, 3),
R(1,1,2), and S(3, —1, 2).
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3. Suppose the tetrahedron in the figure has a trirectangular vertex S. (This means that the
three angles at S are all right angles.) Let A, B, and C be the areas of the three faces
that meet at S, and let D be the area of the opposite face POR. Using the result of Prob-
lem 1, or otherwise, show that

D*’=A"+B*+C°

(This is a three-dimensional version of the Pythagorean Theorem.)

Po(x, Yo, Zo)

FIGURE 2

9.5 Equations of Lines and Planes

A line in the xy-plane is determined when a point on the line and the direction of the
line (its slope or angle of inclination) are given. The equation of the line can then be
written using the point-slope form.

Likewise, a line L in three-dimensional space is determined when we know a point
Po(x0, Yo, zo) on L and the direction of L. In three dimensions the direction of a line is
conveniently described by a vector, so we let v be a vector parallel to L. Let P(x, y, z)
be an arbitrary point on L zﬂ let rp and r be the position vectors of P, and P (th@,
they have representations OP, and OP ). If a is the vector with representation P, P,
as in Figure 1, then the Triangle Law for vector addition gives r = r, + a. But, since
a and v are parallel vectors, there is a scalar ¢ such that a = #v. Thus

[1] r=ry+tv

which is a vector equation of L. Each value of the parameter 7 gives the position
vector r of a point on L. In other words, as ¢ varies, the line is traced out by the tip of
the vector r. As Figure 2 indicates, positive values of ¢ correspond to points on L that
lie on one side of Py, whereas negative values of ¢ correspond to points that lie on the
other side of P,.

If the vector v that gives the direction of the line L is written in component form as
v = (a, b, c), then we have rv = (ta, tb, tc). We can also write r = (x, y, z) and
ro = (X0, Yo, Zo), S0 the vector equation (1) becomes

(x,y,2) = (xo + ta, yo + th, zo + tc)

Two vectors are equal if and only if corresponding components are equal. Therefore,
we have the three scalar equations:

(2] x =xo + at y = yo + bt z=120+ ct

where ¢ € R. These equations are called parametric equations of the line L through
the point Py(xo, Yo, zo) and parallel to the vector v = (a, b, c). Each value of the
parameter ¢ gives a point (x, y, z) on L.



== Figure 3 shows the line L in Example 1
and its relation to the given point and to the
vector that gives its direction.

FIGURE 3
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EXAMPLE 1

(a) Find a vector equation and parametric equations for the line that passes through
the point (5, 1, 3) and is parallel to the vectori + 4j — 2k.

(b) Find two other points on the line.

SOLUTION
(a) Hererg = (5,1,3) =5i +j+ 3kandv =i + 4j — 2K, so the vector equa-
tion (1) becomes

r=5i+j+3k) +i+4j—2k)
or r=0G+ni+{0+4)j+ (3 -2k
Parametric equations are

x=5+1t y=1+ 4t z=3—2t

(b) Choosing the parameter value t = 1 gives x = 6,y = 5,and z = 1, s0 (6,5, 1)
is a point on the line. Similarly, 7 = —1 gives the point (4, —3, 5). EE

The vector equation and parametric equations of a line are not unique. If we change
the point or the parameter or choose a different parallel vector, then the equations
change. For instance, if, instead of (5, 1, 3), we choose the point (6, 5, 1) in Example 1,
then the parametric equations of the line become

x=6+t y=15+ 4t z=1—2t

Or, if we stay with the point (5, 1, 3) but choose the parallel vector 2i + 8j — 4k, we
arrive at the equations

x=5+2¢ y=1+ 8¢ z=3—4¢

In general, if a vector v = (a, b, ¢) is used to describe the direction of a line L,
then the numbers a, b, and c are called direction numbers of L. Since any vector par-
allel to v could also be used, we see that any three numbers proportional to a, b, and
¢ could also be used as a set of direction numbers for L.

Another way of describing a line L is to eliminate the parameter ¢ from Equations 2.
If none of a, b, or c is 0, we can solve each of these equations for 7, equate the results,
and obtain

X — Xo Yy — Yo Z — 2y
@ — _
a b c

These equations are called symmetric equations of L. Notice that the numbers a, b,
and c that appear in the denominators of Equations 3 are direction numbers of L, that
is, components of a vector parallel to L. If one of a, b, or ¢ is 0, we can still eliminate
t. For instance, if @ = 0, we could write the equations of L as

Yy — Y Z — 2o
X = Xo e

b c

This means that L lies in the vertical plane x = x,.
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== Figure 4 shows the line L in Example 2
and the point P where it intersects the
xy-plane.

FIGURE 4

EXAMPLE 2

(a) Find parametric equations and symmetric equations of the line that passes
through the points A(2, 4, —3) and B(3, —1, 1).

(b) At what point does this line intersect the xy-plane?

SOLUTION
(a) We are not explicitly giveg a vector parallel to the line, but observe that the
vector v with representation AB is parallel to the line and

v={(3-2,-1—-4,1—-(=3)) =(1,-5,4)

Thus, direction numbers are a = 1, b = —5, and ¢ = 4. Taking the point (2, 4, —3)
as Py, we see that parametric equations (2) are

x=2+t y=4— 5t z= -3+ 4t
and symmetric equations (3) are

x—2 y—4 z+3

1 -5 4

(b) The line intersects the xy-plane when z = 0, so we put z = 0 in the symmetric
equations and obtain

This gives x = Y and y = 4, so the line intersects the xy-plane at the point (%, I 0).
N

In general, the procedure of Example 2 shows that direction numbers of the line L
through the points Po(xo, Yo, zo) and P;(x1, y1, z1) are x; — xo, y1 — Yo, and z; — zo and
so symmetric equations of L are

X~ Xo Y~ Yo ZZo

X1 — Xo Yi — Yo Z1 — 2o

Often, we need a description, not of an entire line, but of just a line segment. How,
for instance, could we describe the line segment AB in Example 2? If we put t = 0
in the parametric equations in Example 2(a), we get the point (2, 4, —3) and if we
put r = 1 we get (3, —1, 1). So the line segment AB is described by the parametric
equations

x=2+t y=4—5¢ z= -3+ 4t O0=str=<1
or by the corresponding vector equation
r(r) = (2 +t,4 — 5t -3+ 4r) 0=<r=<1

In general, we know from Equation 1 that the vector equation of a line through the
(tip of the) vector r in the direction of a vector visr = ry + ¢v. If the line also passes
through (the tip of) r;, then we can take v = r; — r( and so its vector equation is

r=ry+ t(ry —rg) = (1 — Hry + tr



== The lines L, and L, in Example 3, shown

in Figure 5, are skew lines.

z

54
L,

FIGURE 5

L,

FIGURE 6
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The line segment from r, to r; is given by the parameter interval 0 < ¢ < 1.

[4] The line segment from ro to 1y is given by the vector equation

r(t) = (1 — t)re + 1, 0<r=<1

EXAMPLE 3 Show that the lines L, and L, with parametric equations
x=1+1t y= -2+ 3t z=4—t
x =2s y=3+s z= -3+ 4s

are skew lines; that is, they do not intersect and are not parallel (and therefore do
not lie in the same plane).

SOLUTION The lines are not parallel because the corresponding vectors (1, 3, —1) and
(2, 1, 4) are not parallel. (Their components are not proportional.) If L, and L, had
a point of intersection, there would be values of ¢ and s such that

1+ t=2s
—2+3t=3+3
4 — t=-3+4s

But if we solve the first two equations, we get 1 = & and s = }, and these values

don’t satisfy the third equation. Therefore, there are no values of ¢ and s that satisfy

the three equations, so L, and L, do not intersect. Thus, L, and L, are skew lines.
N

g: Planes

Although a line in space is determined by a point and a direction, a plane in space is
more difficult to describe. A single vector parallel to a plane is not enough to convey
the “direction” of the plane, but a vector perpendicular to the plane does completely
specify its direction. Thus, a plane in space is determined by a point Py(xo, Yo, zo) in
the plane and a vector n that is orthogonal to the plane. This orthogonal vector n is
called a normal vector. Let P(x, y, z) be an arbitrary point in the plane, and let r, ﬂi
r be the position vectors of Py and P. Then the vector r — ry is represented by P,P.
(See Figure 6.) The normal vector n is orthogonal to every vector in the given plane.
In particular, n is orthogonal to r — ry and so we have

[5] n-r—r)=0

which can be rewritten as

[6] n‘r=n-r,

Either Equation 5 or Equation 6 is called a vector equation of the plane.
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(6,0,0)

X

FIGURE 7
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== Figure 8 shows the portion of the plane in
Example 5 that is enclosed by triangle POR.

FIGURE 8

R(5,2,0)

To obtain a scalar equation for the plane, we writen = (a, b, ¢),r = (x, y, z), and
ro = (X0, Yo, Zo). Then the vector equation (5) becomes

(a,b,c)  (x = X0,y — Yo,z — z9) =0

or

a(x — xo) + b(y — yo) + ¢z — 20) =0

Equation 7 is the scalar equation of the plane through Py(xo, yo, zo) with normal
vector n = {a, b, ¢).

EXAMPLE 4 Find an equation of the plane through the point (2, 4, —1) with normal
vector n = (2, 3, 4). Find the intercepts and sketch the plane.

SOLUTION Puttinga =2,b=3,c =4, x0 =2,y =4, and zo = —1 in Equation 7,
we see that an equation of the plane is

2 —2)+3(y—4) +4z+1)=0
or 2x + 3y +4z=12

To find the x-intercept we set y = z = 0 in this equation and obtain x = 6. Simi-
larly, the y-intercept is 4 and the z-intercept is 3. This enables us to sketch the por-
tion of the plane that lies in the first octant (see Figure 7). EE

By collecting terms in Equation 7 as we did in Example 4, we can rewrite the equa-
tion of a plane as

ax +by+cz+d=0

where d = —(axo + byo + ¢zo). Equation 8 is called a linear equation in x, y, and z.
Conversely, it can be shown that if a, b, and ¢ are not all 0, then the linear equation
(8) represents a plane with normal vector (a, b, ¢). (See Exercise 55.)

EXAMPLE 5 Find an equation of the plane that passes through the points P(1, 3, 2),
0B, —1,6), and R(5, 2, 0).

SOLUTION The vectors a and b corresponding to PB and ﬁ are
a=(2,—4,4) b= (4,-1,-2)

Since both a and b lie in the plane, their cross product a X b is orthogonal to the
plane and can be taken as the normal vector. Thus

i j k
n=axb=|2 —4 4|=12i+20j+ 14k
4 -1 -2

With the point P(1, 3, 2) and the normal vector n, an equation of the plane is
12(x — 1) +20(y = 3) + 14z —2) =0

or 6x + 10y + 7z = 50 EE

Copyright 2005 Thomson Learning, Inc. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.
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== Figure 10 shows the planes in Example 7
and their line of intersection L.

FIGURE 10

== Another way to find the line of intersec-
tion is to solve the equations of the planes for
two of the variables in terms of the third,
which can be taken as the parameter.
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EXAMPLE 6 Find the point at which the line with parametric equations x = 2 + 3¢,
y = —4t,z =5 + tintersects the plane 4x + 5y — 2z = 18.

SOLUTION We substitute the expressions for x, y, and z from the parametric equations
into the equation of the plane:

42 + 31) + 5(—41) — 25+ 1) = 18

This simplifies to —10¢ = 20, so t = —2. Therefore, the point of intersection occurs
when the parameter value is t = —2. Thenx = 2 + 3(—=2) = —4,y = —4(-2) =8,
z =15 — 2 = 3 and so the point of intersection is (—4, 8, 3). EE

Two planes are parallel if their normal vectors are parallel. For instance, the planes
x + 2y — 3z =4 and 2x + 4y — 6z = 3 are parallel because their normal vectors
aren; = (1,2, —3) and n, = (2,4, —6) and n, = 2n,. If two planes are not paral-
lel, then they intersect in a straight line and the angle between the two planes is de-
fined as the acute angle between their normal vectors (see angle 6 in Figure 9).

EXAMPLE 7
(a) Find the angle between the planes x + y + z=land x — 2y + 3z = 1.
(b) Find symmetric equations for the line of intersection L of these two planes.

SOLUTION
(a) The normal vectors of these planes are

n]=<191’1> n2:<1,_2,3>
and so, if 6 is the angle between the planes,

g MM 1(1) + 1(=2) + 1(3) 2
cosSv=——"—""T= =
In|n,| VI+1+1/1+4+9 42

2
0= cos“(—ﬁ> ~ 72°

(b) We first need to find a point on L. For instance, we can find the point where the
line intersects the xy-plane by setting z = 0 in the equations of both planes. This
gives the equations x + y = 1 and x — 2y = 1, whose solution is x = 1, y = 0. So
the point (1, 0, 0) lies on L.

Now we observe that, since L lies in both planes, it is perpendicular to both of
the normal vectors. Thus, a vector v parallel to L is given by the cross product

i j Kk
v=m Xn,=|1 1 1|=5i—-2j—3k
1 =2 3

5 -2 -3 ERE

NOTE o Since a linear equation in x, y, and z represents a plane and two non-
parallel planes intersect in a line, it follows that two linear equations can represent
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FIGURE 11

== Figure 11 shows how the line L in
Example 7 can also be regarded as the line
of intersection of planes derived from its
symmetric equations.

Py

Py

FIGURE 12

a line. The points (x, y, z) that satisfy both
axtby+tcz+d =0 and ax thy+tcz+d=0

lie on both of these planes, and so the pair of linear equations represents the line of
intersection of the planes (if they are not parallel). For instance, in Example 7 the line
L was given as the line of intersection of the planes x +y +z=1 and
x — 2y + 3z = 1. The symmetric equations that we found for L could be written as

x—1_y
5 -2

o2
-2 -3

and

which is again a pair of linear equations. They exhibit L as the line of intersection of
the planes (x — 1)/5 = y/(=2) and y/(—=2) = z/(—3). (See Figure 11.)
In general, when we write the equations of a line in the symmetric form

)C_X()_y_yo_Z_Z()

a b c
we can regard the line as the line of intersection of the two planes

X=X Y—Do Y=Y _ Z— 2o
= and —_— =

a b b c

EXAMPLE 8 Find a formula for the distance D from a point P;(x,, 1, z1) to the
plane ax + by + ¢z + d = 0.

SOLUTION Let Po(xo, Yo, zo) be any point in the given plane and let b be the vector
e
corresponding to P, P,. Then

b = (x; — X0, Y1 — Yo, 21 — Zo)
From Figure 12 you can see that the distance D from P, to the plane is equal to the

absolute value of the scalar projection of b onto the normal vector n = {a, b, c).
(See Section 9.3.) Thus

[n-b|

n|
_ |a(xi — xo0) + b(y1 — yo) + clz1 — z0) |
Ja? + b2+ ¢?

D =|comp,b| =

| (@x; + by, + cz1) — (axo + byy + cz)) |
Var + b+ 2

Since P, lies in the plane, its coordinates satisfy the equation of the plane and so we
have axo + by, + czy + d = 0. Thus, the formula for D can be written as

D |ax, + by, + ¢z + d|
Var+ b2+ ¢?

[9]

ER

EXAMPLE 9 Find the distance between the parallel planes 10x + 2y — 2z =5
andS5x +y —z=1.

SOLUTION First we note that the planes are parallel because their normal vectors
(10,2, —2) and (5, 1, —1) are parallel. To find the distance D between the planes,
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we choose any point on one plane and calculate its distance to the other plane. In
particular, if we put y = z = 0 in the equation of the first plane, we get 10x = 5 and
SO (%, 0, O) is a point in this plane. By Formula 9, the distance between (% 0, O) and
the plane 5Sx + y —z — 1 =01s

Q) +10 -1 -1 _ 5 _ V3

D= - _ N2
V324 12+ (—1)2 33 6

So the distance between the planes is V/3/6. ER

EXAMPLE 10 In Example 3 we showed that the lines
Li: x=1+1 y=—2+ 3t z=4—1t
Ly x=2s y=3+s z= —3+4s
are skew. Find the distance between them.

SOLUTION Since the two lines L; and L, are skew, they can be viewed as lying on two
parallel planes P, and P,. The distance between L, and L, is the same as the dis-
tance between P, and P, which can be computed as in Example 9. The common
normal vector to both planes must be orthogonal to both v; = (1, 3, —1) (the direc-
tion of L;) and v, = (2, 1, 4) (the direction of L,). So a normal vector is

i j k
n=viXxv,=|13 —1|=13i—6j -5k
21 4

If we put s = 0 in the equations of L,, we get the point (0, 3, —3) on L, and so an
equation for P, is

13(x —0) —6(y —3) —5z+3)=0 or 13x —6y —5z+3=0

If we now set r = 0 in the equations for L, we get the point (1, =2, 4) on P;. So
the distance between L, and L, is the same as the distance from (1, —2, 4) to
13x — 6y — 5z + 3 = 0. By Formula 9, this distance is

D_|13(1)—6(—2)—5(4)+3|_ 8 ~ 053
V132 4+ (—=6)2 + (—5)2 V230 ’ EE
9.5 Exercises
1. Determine whether each statement is true or false. 2-5 m Find a vector equation and parametric equations for
(a) Two lines parallel to a third line are parallel. the line.
(b) Two lines perpendicular to a third line are parallel. 2. The line through the point (1, 0, —3) and parallel to the
(c) Two planes parallel to a third plane are parallel. vector 2i — 4j + 5k

(d) Two planes perpendicular to a third plane are parallel.
(e) Two lines parallel to a plane are parallel.

(f) Two lines perpendicular to a plane are parallel.

(g) Two planes parallel to a line are parallel.

3. The line through the point (—2, 4, 10) and parallel to the
vector (3, 1, —8)

4. The line through the origin and parallel to the line x = 2¢,

(h) Two planes perpendicular to a line are parallel. y=1l-1z=4+3
(i) Two planes either intersect or are parallel. 5. The line through the point (1, 0, 6) and perpendicular to the
(j) Two lines either intersect or are parallel. plane x + 3y + z =15

(k) A plane and a line either intersect or are parallel.
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6-10 ™ Find parametric equations and symmetric equations for
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the line.

6

1.

10.

12.

13.

14.

15.

16.

. The line through the points (6, 1, —3) and (2, 4, 5)
The line through the points (0,2, 1) and (2, 1, —3)

. The line through (2, 1, 0) and perpendicular to both i + j
and j + k

. The line through (1, —1, 1) and parallel to the line
x+2=35y=z-3

The line of intersection of the planes x + y + z =1
andx +z=0

. Is the line through (—4, —6, 1) and (=2, 0 —3) parallel to
the line through (10, 18, 4) and (5, 3, 14)?

[s the line through (4, 1, —1) and (2, 5, 3) perpendicular to
the line through (—3, 2, 0) and (5, 1, 4)?

(a) Find symmetric equations for the line that passes
through the point (0, 2, —1) and is parallel to the line
with parametric equations x = 1 + 2¢, y = 3¢,
z=5—-"Tt

(b) Find the points in which the required line in part (a)
intersects the coordinate planes.

(a) Find parametric equations for the line through (5, 1, 0)
that is perpendicular to the plane 2x — y + z = 1.

(b) In what points does this line intersect the coordinate
planes?

Find a vector equation for the line segment from (2, —1, 4)
to (4,6, 1).

Find parametric equations for the line segment from
(10,3, 1) to (5, 6, —3).

17-20 m Determine whether the lines L, and L, are parallel,
skew, or intersecting. If they intersect, find the point of

intersection.
17. Li: x=—6t, y=1+9t, z= -3¢
Ly x=1+2s, y=4-—3s, z=3
8. L: x=1+2t, y=3t, z=2—1
Ly x=—-1+s, y=4+s, z=1+3s
x y—1 z—2
19. L;: — = =
| 2 3
x—3 y—=2 z—1
Lo: = =
T4 -3 2
-1 -3 -2
20 0; ——=-2"2_Z
2 2 —1
L2:X_2=y_6=z+2
1 -1 3

21-
21.

22

23.

24.

25.
26.

27.

28.

29.

30.

31

32.

33-

30 ™ Find an equation of the plane.

The plane through the point (6, 3, 2) and perpendicular to
the vector (=2, 1, 5)

The plane through the point (4, 0, —3) and with normal
vector j + 2k

The plane through the origin and parallel to the plane

2x —y+3z=1

The plane that contains the line x =3 + 21,y = ¢,

z = 8 — tand is parallel to the plane 2x + 4y + 8z = 17
The plane through the points (0, 1, 1), (1, 0, 1), and (1, 1, 0)

The plane through the origin and the points (2, —4, 6)
and (5, 1, 3)

The plane that passes through the point (6, 0, —2) and con-
tains the linex =4 — 21,y =3 + 5t,z =7 + 4t

The plane that passes through the point (1, —1, 1) and
contains the line with symmetric equations x = 2y = 3z

The plane that passes through the point (—1, 2, 1) and con-
tains the line of intersection of the planes x + y — z =2
and2x —y +3z=1

The plane that passes through the line of intersection of the
planes x — z = 1 and y + 2z = 3 and is perpendicular to
the plane x + y — 2z =1

Find the point at which the linex =3 — t,y =2 + 1,
z = 5t intersects the plane x — y + 2z = 9.

Where does the line through (1,0, 1) and (4, —2, 2)
intersect the plane x + y + z = 6?

36 m Determine whether the planes are parallel, perpen-

dicular, or neither. If neither, find the angle between them.

33.
34.
35.
36.

37.

38.

39.

40.

x+ytz=1 x—y+tz=1

2x =3y +4z=5 x+6y+4z=3
x=4y — 2z, 8y=1+2x+4z
x+2y+2z=1, 2x—y+2z=1

(a) Find symmetric equations for the line of intersection of
the planes x + y —z=2and 3x — 4y + 5z = 6.
(b) Find the angle between these planes.

Find an equation for the plane consisting of all points that
are equidistant from the points (—4, 2, 1) and (2, —4, 3).

Find an equation of the plane with x-intercept a, y-intercept
b, and z-intercept c.

(a) Find the point at which the given lines intersect:
r=(1,1,0) +(1,—1,2)
r=(2,0,2) +s(—1,1,0)

(b) Find an equation of the plane that contains these lines.



41. Find parametric equations for the line through the point
(0, 1, 2) that is parallel to the plane x + y + z = 2 and
perpendicular to the linex =1 +t,y =1 —t,z = 2t.

42. Find parametric equations for the line through the point
(0, 1, 2) that is perpendicular to the line x = 1 + 1,
y =1 —t,z =2t and intersects this line.

43. Which of the following four planes are parallel? Are any of
them identical?

P 4x—2y+62=3 Py 4x — 2y —22=6
Py: —6x+3y—92=>5 Pyz=2x—y—3

44. Which of the following four lines are parallel? Are any of
them identical?

L:x=1+1t y=t z=2-15¢
Ly:x+1=y—-2=1-¢

Ly: x=1+1t y=4+1t z=1—1
Ly r=(2,1,-3) + (2,2, —10)

45-46 m Use the formula in Exercise 27 in Section 9.4 to find
the distance from the point to the given line.

45. (1,2,3); x=2+1t y=2-31, z=5¢
46. (1,0,—-1); x=5—1t y=3t, z=1+2¢

47-48 m Find the distance from the point to the given plane.
47. (2,8,5), x—2y—2z=1
48. (3,—-2,7), 4x—6y+:z=35
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49-50 ™ Find the distance between the given parallel planes.
49, z=x+2y+1, 3x+6y—3z=4
50. 3x + 6y —9z=4, x+2y—3z=1

51. Show that the distance between the parallel planes
ax + by + cz+d =0andax + by + cz+d, = 0is

ld\ — o]

Va? + b+ ¢?

52. Find equations of the planes that are parallel to the plane
x + 2y — 2z = 1 and two units away from it.

53. Show that the lines with symmetric equations x =y = z
and x + 1 = y/2 = z/3 are skew, and find the distance
between these lines.

54. Find the distance between the skew lines with parametric
equationsx =1+t y=1+ 6t,z=2t,andx = 1 + 2s,
y=5+15s5,z= —2 + 6s.

55. If a, b, and c are not all 0, show that the equation
ax + by + cz + d = 0 represents a plane and (a, b, ¢) is
a normal vector to the plane.
Hint: Suppose a # 0 and rewrite the equation in the
form

a<x+j>+b(y—0)+c(z—0)=0

56. Give a geometric description of each family of planes.
@Qxtytz=c b)) x+y+tcz=1

(c) ycosf + zsinfh = 1

Putting 3D in Perspective

Computer graphics programmers face the same challenge as the great painters of the past:
how to represent a three-dimensional scene as a flat image on a two-dimensional plane

(a screen or a canvas). To create the illusion of perspective, in which closer objects appear
larger than those farther away, three-dimensional objects in the computer’s memory are
projected onto a rectangular screen window from a viewpoint where the eye, or camera, is
located. The viewing volume—the portion of space that will be visible—is the region con-
tained by the four planes that pass through the viewpoint and an edge of the screen window.

If objects in the scene extend beyond these four planes, they must be truncated before pixel
data are sent to the screen. These planes are therefore called clipping planes.

1. Suppose the screen is represented by a rectangle in the yz-plane with vertices
(0, =400, 0) and (0, =400, 600), and the camera is placed at (1000, 0, 0). A line L in
the scene passes through the points (230, —285, 102) and (860, 105, 264). At what
points should L be clipped by the clipping planes?

2. If the clipped line segment is projected on the screen window, identify the resulting line

segment.
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3. Use parametric equations to plot the edges of the screen window, the clipped line seg-
ment, and its projection on the screen window. Then add sight lines connecting the
viewpoint to each end of the clipped segments to verify that the projection is correct.

4. A rectangle with vertices (621, —147, 206), (563, 31, 242), (657, —111, 86), and
(599, 67, 122) is added to the scene. The line L intersects this rectangle. To make the
rectangle appear opaque, a programmer can use hidden line rendering, which removes
portions of objects that are behind other objects. Identify the portion of L that should be
removed.

9.6

Functions and Surfaces

In this section we take a first look at functions of two variables and their graphs, which
are surfaces in three-dimensional space. We will give a much more thorough treatment
of such functions in Chapter 11.

‘\= Functions of Two Variables

The temperature 7T at a point on the surface of the Earth at any given time depends on
the longitude x and latitude y of the point. We can think of T as being a function of
the two variables x and y, or as a function of the pair (x, y). We indicate this functional
dependence by writing T = f(x, y).

The volume V of a circular cylinder depends on its radius r and its height 4. In
fact, we know that V = mr?h. We say that V is a function of r and h, and we write
V(r, h) = 7r’h.

Definition A function f of two variables is a rule that assigns to each ordered
pair of real numbers (x, y) in a set D a unique real number denoted by f(x, y).
The set D is the domain of f and its range is the set of values that f takes on,

that is, {f(x, y) | (x, y) € D}.

We often write z = f(x, y) to make explicit the value taken on by f at the general
point (x, y). The variables x and y are independent variables and z is the dependent
variable. [Compare this with the notation y = f(x) for functions of a single variable.]

The domain is a subset of R?, the xy-plane. We can think of the domain as the set
of all possible inputs and the range as the set of all possible outputs. If a function f is
given by a formula and no domain is specified, then the domain of f is understood
to be the set of all pairs (x, y) for which the given expression is a well-defined real
number.

EXAMPLE 1 If f(x,y) = 4x* + ¥ then f(x, y) is defined for all possible ordered
pairs of real numbers (x, y), so the domain is R?, the entire xy-plane. The range of f
is the set [0, ) of all nonnegative real numbers. [Notice that x*> = 0 and y* = 0, so
f(x,y) = 0 for all x and y.] EE
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FIGURE 2
Domain of f(x,y) = xIn(y* — x)

TABLE 1

Wave heights (in feet) produced
by different wind speeds for
various lengths of time

SECTION 9.6 FUNCTIONS AND SURFACES m 677

EXAMPLE 2 Find the domains of the following functions and evaluate f(3, 2).

Jr+y+
(@ﬂnw=4%%7— () f(x.y) = xIn(y? — x)
SOLUTION
@ fay =321 _ V6

3—-1 2

The expression for f makes sense if the denominator is not O and the quantity under
the square root sign is nonnegative. So the domain of f is

D={(x,y|x+y+1=0 x# 1}

The inequality x + y + 1 = 0, or y = —x — 1, describes the points that lie on or
above the line y = —x — 1, while x # 1 means that the points on the line x = 1
must be excluded from the domain. (See Figure 1.)

(b) f(3,2)=3mI(2>=3)=3In1=0

Since In(y? — x) is defined only when y* — x > 0, that is, x < y?, the domain of f
is D = {(x, y) | x < y*}. This is the set of points to the left of the parabola x = y*.
(See Figure 2.) rr

Not all functions can be represented by explicit formulas. The function in the next
example is described verbally and by numerical estimates of its values.

EXAMPLE 3 The wave heights % (in feet) in the open sea depend mainly on the speed
v of the wind (in knots) and the length of time # (in hours) that the wind has been
blowing at that speed. So / is a function of v and ¢ and we can write & = f(v, 7).
Observations and measurements have been made by meteorologists and oceanogra-
phers and are recorded in Table 1.

Duration (hours)

N | s 10 15 20 30 40 50

10 2 2 2 2 2 2 2

15 4 4 5 5 5 5 5

Wind | 59 5 7 8 8 9 9 9
speed

(knots) | 30 9 13 16 17 18 19 19

40 14 21 25 28 31 33 33

50 19 29 36 40 45 48 50

60 24 37 47 54 62 67 69

For instance, the table indicates that if the wind has been blowing at 50 knots for
30 hours, then the wave heights are estimated to be 45 ft, so

£(50,30) = 45
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FIGURE 4

x y

FIGURE 5
The graph of f(x, y) = x* is the
parabolic cylinder z = x2,

The domain of this function # is given by v = 0 and # = 0. Although there is no
exact formula for 4 in terms of v and ¢, we will see that the operations of calculus
can still be carried out for such an experimentally defined function. rr

§ : Graphs

One way of visualizing the behavior of a function of two variables is to consider its
graph.

Definition If f is a function of two variables with domain D, then the graph of
f is the set of all points (x, y, z) in R® such that z = f(x, y) and (x, y) is in D.

Just as the graph of a function f of one variable is a curve C with equation
y = f(x), so the graph of a function f of two variables is a surface S with equation
z = f(x, y). We can visualize the graph S of f as lying directly above or below its
domain D in the xy-plane (see Figure 3).

EXAMPLE 4 Sketch the graph of the function f(x,y) = 6 — 3x — 2y.

SOLUTION The graph of f has the equation z = 6 — 3x — 2y, or 3x + 2y + z = 6,
which represents a plane. To graph the plane we first find the intercepts. Putting

y = z = 0 in the equation, we get x = 2 as the x-intercept. Similarly, the y-intercept
is 3 and the z-intercept is 6. This helps us sketch the portion of the graph that lies in
the first octant in Figure 4. EE

The function in Example 4 is a special case of the function
f(x,y) =ax + by + ¢

which is called a linear function. The graph of such a function has the equation
z=ax + by + c,orax + by — z + ¢ = 0, so it is a plane. In much the same way
that linear functions of one variable are important in single-variable calculus, we will
see that linear functions of two variables play a central role in multivariable calculus.

EXAMPLE 5 Sketch the graph of the function f(x, y) = x*.

SOLUTION Notice that, no matter what value we give y, the value of f(x, y) is always
x?. The equation of the graph is z = x? which doesn’t involve y. This means that
any vertical plane with equation y = k (parallel to the xz-plane) intersects the graph
in a curve with equation z = x?, that is, a parabola. Figure 5 shows how the graph is
formed by taking the parabola z = x? in the xz-plane and moving it in the direction
of the y-axis. So the graph is a surface, called a parabolic cylinder, made up of
infinitely many shifted copies of the same parabola. ERE

In sketching the graphs of functions of two variables, it’s often useful to start by
determining the shapes of cross-sections (slices) of the graph. For example, if we keep
x fixed by putting x = k (a constant) and letting y vary, the result is a function of one



FIGURE 6

The graph of f(x, y) = 4x*+ y*is
the elliptic paraboloid z = 4x? + y?.
Horizontal traces are ellipses;
vertical traces are parabolas.
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variable z = f(k, y), whose graph is the curve that results when we intersect the sur-
face z = f(x, y) with the vertical plane x = k. In a similar fashion we can slice the
surface with the vertical plane y = k and look at the curves z = f(x, k). We can also
slice with horizontal planes z = k. All three types of curves are called traces (or cross-
sections) of the surface z = f(x, y).

EXAMPLE 6 Use traces to sketch the graph of the function f(x,y) = 4x* + y=.

SOLUTION The equation of the graph is z = 4x* + y2 If we put x = 0, we get z = y?,
so the yz-plane intersects the surface in a parabola. If we put x = k (a constant), we
get z = y? + 4k* This means that if we slice the graph with any plane parallel to
the yz-plane, we obtain a parabola that opens upward. Similarly, if y = k, the trace
is z = 4x? + k? which is again a parabola that opens upward. If we put z = k, we
get the horizontal traces 4x* + y* = k, which we recognize as a family of ellipses.
Knowing the shapes of the traces, we can sketch the graph of f in Figure 6. Because
of the elliptical and parabolic traces, the surface z = 4x? + y? is called an elliptic
paraboloid. EE

EXAMPLE 7 Sketch the graph of f(x,y) = y* — x%

SOLUTION The traces in the vertical planes x = k are the parabolas z = y* — k?,
which open upward. The traces in y = k are the parabolas z = —x* + k% which
open downward. The horizontal traces are y* — x* = k, a family of hyperbolas. We
draw the families of traces in Figure 7 and we show how the traces appear when

FIGURE 7

Vertical traces are parabolas;
horizontal traces are hyperbolas.
All traces are labeled with the
value of k.

FIGURE 8
Traces moved to their
correct planes

placed in their correct planes in Figure 8.
Y 1
\1\ /
0
/ |

1

Traces in y = k are z = —x? + k* Traces in z = k are y> — x> =k

\ |/ ) (
/ \\2 /> \/q\y . \_/Oy

Traces in x =k Tracesiny =k Tracesinz =k
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In Module 9.6A you can investigate In Figure 9 we fit together the traces from Figure 8 together to form the surface
@ how traces determine the shape z = y? — x?, a hyperbolic paraboloid. Notice that the shape of the surface near the
of a surface.

origin resembles that of a saddle. This surface will be investigated further in Sec-
tion 11.7 when we discuss saddle points.

FIGURE 9
The graph of f(x, y) = y*> — x”is the
hyperbolic paraboloid z = y> — x.

The idea of using traces to draw a surface is employed in three-dimensional graph-
ing software for computers. In most such software, traces in the vertical planes x = k
and y = k are drawn for equally spaced values of k and parts of the graph are elimi-
nated using hidden line removal. Figure 10 shows computer-generated graphs of sev-
eral functions. Notice that we get an especially good picture of a function when rota-
tion is used to give views from different vantage points. In parts (a) and (b) the graph
of f is very flat and close to the xy-plane except near the origin; this is because e
is very small when x or y is large.

(@) flx,y) = (¥ + 3yYe ="

_ sinxsiny
Xy

() f(x,y) =sinx+siny (@ f(x,y)
FIGURE 10
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The ellipsoid x? +

¥
9

+

z
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:: Quadric Surfaces

The graph of a second-degree equation in three variables x, y, and z is called a
quadric surface. We have already sketched the quadric surfaces z = 4x? + y* (an
elliptic paraboloid) and z = y* — x? (a hyperbolic paraboloid) in Figures 6 and 9. In
the next example we investigate a quadric surface called an ellipsoid.

EXAMPLE 8 Sketch the quadric surface with equation
2 2
y zZ

T+ —=1
9Ty

SOLUTION The trace in the xy-plane (z = 0) is x* + y*/9 = 1, which we recognize as
an equation of an ellipse. In general, the horizontal trace in the plane z = k is

2
xz-l—y?:l—— z=k

which is an ellipse, provided that k* < 4, that is, —2 < k < 2.
Similarly, the vertical traces are also ellipses:

y2 ZZ
L4 -k x=k Gf—1 < k<1)
9 4
2 2
2 z k .
+—=1-— =k f-3<k<3
x4 9 y (i )

Figure 11 shows how drawing some traces indicates the shape of the surface. It’s
called an ellipsoid because all of its traces are ellipses. Notice that it is symmetric
with respect to each coordinate plane; this is a reflection of the fact that its equation
involves only even powers of x, y, and z. ER

The ellipsoid in Example 8 is not the graph of a function because some vertical
lines (such as the z-axis) intersect it more than once. But the top and bottom halves
are graphs of functions. In fact, if we solve the equation of the ellipsoid for z, we get

2 2

2=4(1-x -2 r=200 1 —x -2
9 9

So the graphs of the functions

2 2

frn =241 =3 and gly) = 24 [1 =2 =

are the top and bottom halves of the ellipsoid (see Figure 12). The domain of both f
and g is the set of all points (x, y) such that

2 2

y y
l-x"—"—20 & xX+—=1

9 9

so the domain is the set of all points that lie on or inside the ellipse x* + y%/9 = 1.
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FIGURE 12

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the z-axis. If a quadric sur-

In Module 9.6B you can see how
@. changing a, b, and ¢ in Table 2 affects

the shape of the quadric surface.

face is symmetric about a different axis, its equation changes accordingly.

TABLE 2  Graphs of quadric surfaces
Surface Equation Surface Equation
x2 y2 ZZ 22 x2 y2
Ellipsoid 2t el Cone PERm Iy

All traces are ellipses.
If a = b = c, the ellipsoid is
a sphere.

Horizontal traces are ellipses.
Vertical traces in the planes
x=kandy = kare
hyperbolas if k # 0 but are
pairs of lines if k = 0.

Elliptic Paraboloid

- %2 2

c a’ b?

Horizontal traces are ellipses.

Vertical traces are parabolas.

The variable raised to the
first power indicates the axis
of the paraboloid.

2 2 2
X z
— + y_2 -—= 1
a b c

Horizontal traces are ellipses.
Vertical traces are hyperbolas.

The axis of symmetry
corresponds to the variable
whose coefficient is negative.

2

c a b?
Horizontal traces are
hyperbolas.

z Xy
2

Vertical traces are parabolas.

The case where ¢ < 0 is
illustrated.

52 y? 72
(12 bZ 2
Horizontal traces in z = k are
ellipses if k > cork < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.




FIGURE 13
X2 +22—6x—y+10=0

9.6/ Exercises

(x =3P +22=k—1
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EXAMPLE 9 Classify the quadric surface x* + 2z> — 6x —y + 10 = 0.

SOLUTION By completing the square we rewrite the equation as

y—1=(x—3)?2+27

Comparing this equation with Table 2, we see that it represents an elliptic parabo-
loid. Here, however, the axis of the paraboloid is parallel to the y-axis, and it has
been shifted so that its vertex is the point (3, 1, 0). The traces in the plane y = k
(k > 1) are the ellipses

y=k

The trace in the xy-plane is the parabola with equation y = 1 + (x — 3)% z = 0.
The paraboloid is sketched in Figure 13. R

1. In Example 3 we considered the function & = f (v, t), where

h is the height of waves produced by wind at speed v for a

time 7. Use Table 1 to answer the following questions.

(a) What is the value of £(40, 15)? What is its meaning?

(b) What is the meaning of the function & = (30, 1)?
Describe the behavior of this function.

(c) What is the meaning of the function & = f(v, 30)?
Describe the behavior of this function.

2. The figure shows vertical traces for a function z = f(x, y).
Which one of the graphs I-IV has these traces? Explain.

Tracesiny=k

3. Let f(x,y) = x%*.

(a) Evaluate f(2,0).
(b) Find the domain of f.
(c) Find the range of f.

4, Let f(x,y) =In(x +y — 1).

(a) Evaluate f(1, 1).

(b) Evaluate f(e, 1).

(c) Find and sketch the domain of f.
(d) Find the range of f.

5-8 ™ Find and sketch the domain of the function.

5.

flx,y) = 71{_;‘ 6. f(x,y) = Vxy

7. flr,y) =1 — x2 — J1 -2
8 flry) = x>+ y> — 1 +In(4 — x2 — y?)

9-13 m Sketch the graph of the function.

9.
. flxy) =6 —3x — 2y
Sy =yt E

flx,y)=3 10. f(x,y) =y

12. f(x,y) = cosx

. (a) Find the traces of the function f(x,y) = x> + y?in the

planes x = k, y = k, and z = k. Use these traces to
sketch the graph.

(b) Sketch the graph of g(x, y) = —x*> — y* How is it
related to the graph of f?

(c) Sketch the graph of h(x,y) = 3 — x* — y2 How is it
related to the graph of g?

. Match the function with its graph (labeled I-VI) on

page 684. Give reasons for your choices.

@ f(x,y) = [x] + [y] (b) f(x,y) = |xy]
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@ flx,y)=x>—y>
() fGx,y) =sin(jx| + |y])
11

1
@fwaTj?j?

@) flr,y) =x-—yr

\\
AR
N
=
23

1AY

iy
I

16-18 m Use traces to sketch the graph of the function.

16. f(x,y) = /16 — x? — 16y2
17. f(x,y) = V4x2+ y?

18. f(x,y) = x> — y?

19-20 m Use traces to sketch the surface.

19. y =22 — x? 20. y=x*+ 22

21-22 m Classify the surface by comparing with one of the
standard forms in Table 2. Then sketch its graph.

2. 4x* + y2 + 422 —4y — 242+ 36 =0
22. 4y + 22 —x— 16y —4z+20=0

23. (a) What does the equation x> + y*> = 1 represent as a
curve in R*?
(b) What does it represent as a surface in R*?
(c) What does the equation x> + z*> = 1 represent?

24. (a) Identify the traces of the surface z* = x? + y*
(b) Sketch the surface.
(c) Sketch the graphs of the functions f(x,y) = /x? + y?

and g(x, y) = —+/x2 + y2.

25. (a) Find and identify the traces of the quadric surface
x? + y* — z* = 1 and explain why the graph looks like

the graph of the hyperboloid of one sheet in Table 2.
(b) If we change the equation in part (a) to

x? — y* 4 z> = 1, how is the graph affected?
(c) What if we change the equation in part (a) to

x>+ Yy +2y—22=0?

26. (a) Find and identify the traces of the quadric surface
—x* — y? + 22 = 1 and explain why the graph looks
like the graph of the hyperboloid of two sheets in
Table 2.

(b) If the equation in part (a) is changed to
x? — y* — z* = 1, what happens to the graph? Sketch
the new graph.

{4 27-28 m Use a computer to graph the function using various
domains and viewpoints. Get a printout that gives a good view
of the “peaks and valleys.” Would you say the function has a
maximum value? Can you identify any points on the graph that
you might consider to be “local maximum points”? What about
“local minimum points”?

27. f(x,y) = 3x — x* — 4y> — 10xy

28. f(x,y) = xye

29-30 m Use a computer to graph the function using various
domains and viewpoints. Comment on the limiting behavior of
the function. What happens as both x and y become large? What
happens as (x, y) approaches the origin?

Xty
x2+y2

Xy
)62-‘1-y2

29. f(x,y) = 30. f(x,y) =

31. Graph the surfaces z = x* + y*and z = 1 — y* on a com-
mon screen using the domain | x| < 1.2, |y| < 1.2 and
observe the curve of intersection of these surfaces. Show
that the projection of this curve onto the xy-plane is an
ellipse.

32. Show that the curve of intersection of the surfaces
x>+ 2y* — 22+ 3x=1land 2x*> + 4y>* — 222 — 5y =0
lies in a plane.

33. Show that if the point (a, b, c) lies on the hyperbolic parab-
oloid z = y* — x?, then the lines with parametric equations
x=a+t,y=b+t,z=c+20b—ajtandx =a + 1,
y=0b—1,z=c— 2(b + a)tboth lie entirely on this
paraboloid. (This shows that the hyperbolic paraboloid is
what is called a ruled surface; that is, it can be generated
by the motion of a straight line. In fact, this exercise shows
that through each point on the hyperbolic paraboloid there
are two generating lines. The only other quadric surfaces
that are ruled surfaces are cylinders, cones, and hyperbo-
loids of one sheet.)

34. Find an equation for the surface consisting of all points P
for which the distance from P to the x-axis is twice the dis-
tance from P to the yz-plane. Identify the surface.
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y
P(r,0)=P(x,y)
r
y
N6
o X X
FIGURE 1

(r,6,0)

FIGURE 2

The cylindrical coordinates of a point

FIGURE 3

9.7/ Cylindrical and Spherical Coordinates

In plane geometry the polar coordinate system is used to give a convenient description
of certain curves and regions. (See Appendix H.) Figure 1 enables us to recall the con-
nection between polar and Cartesian coordinates. If the point P has Cartesian coordi-
nates (x, y) and polar coordinates (r, 6), then, from the figure,

X =rcos6 y =rsinf
rr=x*+y? tan0=l
X

In three dimensions there are two coordinate systems that are similar to polar coor-
dinates and give convenient descriptions of some commonly occurring surfaces and
solids. They will be especially useful in Chapter 12 when we compute volumes and
triple integrals.

!= Cylindrical Coordinates

In the cylindrical coordinate system, a point P in three-dimensional space is repre-
sented by the ordered triple (r, 6, z), where r and 6 are polar coordinates of the pro-
jection of P onto the xy-plane and z is the directed distance from the xy-plane to P (see
Figure 2).

To convert from cylindrical to rectangular coordinates, we use the equations

[1] x=rcos® y=rsinf z=7z

whereas to convert from rectangular to cylindrical coordinates, we use

(2] r?=x?+y? tan § = 2 z=7z
x

EXAMPLE 1

(a) Plot the point with cylindrical coordinates (2, 277/3, 1) and find its rectangular
coordinates.

(b) Find cylindrical coordinates of the point with rectangular coordinates

3, -3, -7).

SOLUTION
(a) The point with cylindrical coordinates (2, 27r/3, 1) is plotted in Figure 3. From
Equations 1, its rectangular coordinates are

=
I
)
=
=
| )
3
I
)
PR
[
S~
I
>

z=1

Thus, the point is (— 1, \/§, 1) in rectangular coordinates.
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(b) From Equations 2 we have

r= 3T (C3F =342

(¢,0,0)

v

Therefore, one set of cylindrical coordinates is (3 ﬁ, /4, —7). Another is
(3 \/5, —1/4, —7). As with polar coordinates, there are infinitely many choices. & ®

Cylindrical coordinates are useful in problems that involve symmetry about an
axis, and the z-axis is chosen to coincide with this axis of symmetry. For instance, the
axis of the circular cylinder with Cartesian equation x* + y* = ¢? is the z-axis. In

FIGURE 4 cylindrical coordinates this cylinder has the very simple equation » = c. (See Figure 4.)
r=c, a cylinder This is the reason for the name “cylindrical” coordinates.

EXAMPLE 2 Describe the surface whose equation in cylindrical coordinates is z = r.

we have

Z2=rr=x*+y?

SOLUTION The equation says that the z-value, or height, of each point on the surface is
the same as r, the distance from the point to the z-axis. Because 6 doesn’t appear, it
can vary. So any horizontal trace in the plane z = k (k > 0) is a circle of radius .
These traces suggest that the surface is a cone. This prediction can be confirmed by
converting the equation into rectangular coordinates. From the first equation in (2)

We recognize the equation z* = x? + y? (by comparison with Table 2 in Section 9.6)
FIGURE 5 as being a circular cone whose axis is the z-axis (see Figure 5).

Z=r,acone

EXAMPLE 3 Find an equation in cylindrical coordinates for the ellipsoid

4> + 4y + 22 = 1.

SOLUTION Since > = x? + y? from Equations 2, we have

Z2=1—-4(x*+y*)=1—4r*

So an equation of the ellipsoid in cylindrical coordinates is z*> = 1 — 4%

g: Spherical Coordinates

OP. Note that
p=0 0<¢

The spherical coordinates (p, 6, ¢) of a point P in space are shown in Figure 6,
P(p, 6,9) where p = | OP| is the distance from the origin to P, 6 is the same angle as in cylin-
drical coordinates, and ¢ is the angle between the positive z-axis and the line segment

T The spherical coordinate system is especially useful in problems where there is sym-
y metry about a point, and the origin is placed at this point. For example, the sphere with
center the origin and radius ¢ has the simple equation p = ¢ (see Figure 7); this is the

reason for the name “spherical” coordinates. The graph of the equation # = c is a ver-
FIGURE 6 tical half-plane (see Figure 8), and the equation ¢ = c¢ represents a half-cone with the

The spherical coordinates of a point z-axis as its axis (see Figure 9).



FIGURE 10

FIGURE 11

P'(x,y,0)

(2, /4, 7/3)
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z zZ
0 -
e 0
c \; y
X X
0<c<m)2 mR2<c<m
FIGURE 8 6= c, ahalf-plane FIGURE 9 ¢ = c, a half-cone

The relationship between rectangular and spherical coordinates can be seen from
Figure 10. From triangles OPQ and OPP' we have

z=pcos ¢ r = psin ¢

But x = rcos 0 and y = rsin 6, so to convert from spherical to rectangular coordi-
nates, we use the equations

3] X = psin ¢ cos 6 y = psin ¢ sin 0 z=pcos ¢

Also, the distance formula shows that

m pPP=x2+y 42

We use this equation in converting from rectangular to spherical coordinates.

EXAMPLE 4 The point (2, 7/4, /3) is given in spherical coordinates. Plot the point
and find its rectangular coordinates.
SOLUTION We plot the point in Figure 11. From Equations 3 we have

3 1 3
x=psin¢>coso9=251ngcos%=2<§><ﬁ>= 5

1
y=psin¢sin0=251ngsin1=2<£><—>= 3

4 2 2
z=pcos¢=2cos%=2(%)=l

Thus, the point (2, 7/4, 7/3) is (\/ 3/2,/3/2, 1) in rectangular coordinates. R

EXAMPLE 5 The point (0, 23, —2) is given in rectangular coordinates. Find spheri-
cal coordinates for this point.

SOLUTION From Equation 4 we have

p=VxT+y +z22=0+12+4=4
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@ WARNING: There is nat universal agree-

ment on the notation for spherical coordinates.

Most books on physics reverse the meanings
of @ and ¢ and use r in place of p.

In Module 9.7 you can investigate
| | families of surfaces in cylindrical and
spherical coordinates.

== \Most three-dimensional graphing
programs can graph surfaces whose equa-
tions are given in cylindrical or spherical
coordinates. As Example 8 demonstrates,
this is often the most convenient way of
drawing a solid.

FIGURE 12

and so Equations 3 give

z -2 1 2m
cse= Ty T, 9T
cos 0 = - O—E

p sin ¢ 2

(Note that  # 37/2 because y = 2./3 > 0.) Therefore, spherical coordinates of
the given point are (4, /2, 27/3). EE

EXAMPLE 6 Find an equation in spherical coordinates for the hyperboloid of two
sheets with equation x> — y? — z* = 1.

SOLUTION Substituting the expressions in Equations 3 into the given equation, we
have

p*sin’¢ cos’0 — p’sin’¢ sin’0 — p*cos’p = 1
p*[sin’¢ (cos’ — sin’f) — cos’p] = 1
or p*(sin’p cos 26 — cos’p) = 1 Em
EXAMPLE 7 Find a rectangular equation for the surface whose spherical equation is
p = sin 6 sin ¢.
SOLUTION From Equations 4 and 3 we have
x*+y*+22=p’=psinfsingp =y

or x2+(y—%)2+22=%
which is the equation of a sphere with center (O, 3 O) and radius 3. EN

EXAMPLE 8 Use a computer to draw a picture of the solid that remains when a hole
of radius 3 is drilled through the center of a sphere of radius 4.

SOLUTION To keep the equations simple, let’s choose the coordinate system so that the
center of the sphere is at the origin and the axis of the cylinder that forms the hole is
the z-axis. We could use either cylindrical or spherical coordinates to describe the
solid, but the description is somewhat simpler if we use cylindrical coordinates.
Then the equation of the cylinder is r = 3 and the equation of the sphere is

x? 4+ y? + z2 =16, or r* + z* = 16. The points in the solid lie outside the cylinder
and inside the sphere, so they satisfy the inequalities

3sr<s.16 — z?

To ensure that the computer graphs only the appropriate parts of these surfaces, we
find where they intersect by solving the equations r = 3 and r = /16 — z?:

V16 — z2 = > 16-22=9 > 2=7 > z==7

The solid lies between z = —+/7 and z = /7, so we ask the computer to graph the
surfaces with the following equations and domains:

r=3 0<6<2m —V1<z<7

r=416 — z2 0<6<2mw —V1<z<.7

The resulting picture, shown in Figure 12, is exactly what we want. ER
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1. What are cylindrical coordinates? For what types of
surfaces do they provide convenient descriptions?

2. What are spherical coordinates? For what types of surfaces
do they provide convenient descriptions?

3-4 m Plot the point whose cylindrical coordinates are given.
Then find the rectangular coordinates of the point.

3. (@ (2, 7/4,1) (b) (4, —7/3,5)
4. () (1, m e) (b) (1,37/2,2)

5-6 m Change from rectangular to cylindrical coordinates.

5. (a) (1, —1,4) ®) (=1, -v/3,2)
6. (a) (3,3, —2) (b) (3,4,5)

7-8 m Plot the point whose spherical coordinates are given.
Then find the rectangular coordinates of the point.

7. (a) (1,0,0) (b) (2, w/3, w/4)
8. (a) (5, m, 7/2) (b) (4,37/4, w/3)

9-10 m Change from rectangular to spherical coordinates.
9. (a) (1,3,2V3) (b) (0, =1, 1)
10. (a) (0. /3,1) () (—1.1.6)

11-14 m Describe in words the surface whose equation is given.

N r=3
13. ¢ = 7w/3

122.p=3
14. 0= 7/3

15-20 m Identify the surface whose equation is given.

15, z = 7r? 16. psin p = 2
17. r=2cos 0 18. p=2cos ¢
19. r* 4+ 22=25 20. 7 — 22 =4

21-24 m Write the equation (a) in cylindrical coordinates and
(b) in spherical coordinates.

22. x* 4+ yr+z2=2
24, z = x* — y*?

2. z=x*+y?
23. x* +y*=2y

25-30 m Sketch the solid described by the given inequalities.

25, rP<z<2—r?

2. 0<s0<mw/2, r<z<2

27.p<2, 0s¢d=mu/2, 0s<O=<m/2
8.2<p=<3, 7w/2s<¢=m

2. —7w/2<0<7/2, 0<¢p=<m/6, 0<ps=<secd

0. 0sp<7/3, p=2

31. A cylindrical shell is 20 cm long, with inner radius 6 cm
and outer radius 7 cm. Write inequalities that describe the
shell in an appropriate coordinate system. Explain how you
have positioned the coordinate system with respect to the
shell.

32. (a) Find inequalities that describe a hollow ball with diame-
ter 30 cm and thickness 0.5 cm. Explain how you have
positioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

33. A solid lies above the cone z = /x> + y? and below the
sphere x? + y* 4+ z* = z. Write a description of the solid in
terms of inequalities involving spherical coordinates.

34. Use a graphing device to draw the solid enclosed by the

paraboloids z = x* + y*and z = 5 — x? — y*

35. Use a graphing device to draw a silo consisting of a

cylinder with radius 3 and height 10 surmounted by a
hemisphere.

36. The latitude and longitude of a point P in the Northern
Hemisphere are related to spherical coordinates p, 6, ¢ as
follows. We take the origin to be the center of the Earth and
the positive z-axis to pass through the North Pole. The posi-
tive x-axis passes through the point where the prime merid-
ian (the meridian through Greenwich, England) intersects
the equator. Then the latitude of P is @ = 90° — ¢° and the
longitude is B = 360° — 0°. Find the great-circle distance
from Los Angeles (lat. 34.06° N, long. 118.25° W) to Mon-
tréal (lat. 45.50° N, long. 73.60° W). Take the radius of the
Earth to be 3960 mi. (A great circle is the circle of inter-
section of a sphere and a plane through the center of the
sphere.)
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LABORATORY PROJECT
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1 Families of Surfaces

In this project you will discover the interesting shapes that members of families of surfaces
can take. You will also see how the shape of the surface evolves as you vary the constants.

1. Use a computer to investigate the family of functions

flx,y) = (ax® + by?)e > "

How does the shape of the graph depend on the numbers a and b?

2. Use a computer to investigate the family of surfaces z = x? + y? + cxy. In particular,
you should determine the transitional values of ¢ for which the surface changes from
one type of quadric surface to another.

3. Members of the family of surfaces given in spherical coordinates by the equation

p=1+ 0.2sinm6 sin n¢

have been suggested as models for tumors and have been called bumpy spheres and
wrinkled spheres. Use a computer to investigate this family of surfaces, assuming that m
and n are positive integers. What roles do the values of m and n play in the shape of the

surface?

9 Review [

\ CONCEPT CHECK

|

|

. What is the difference between a vector and a scalar?

. How do you add two vectors geometrically? How do you

add them algebraically?

. If a is a vector and c is a scalar, how is ca related to a geo-

metrically? How do you find ca algebraically?

. How do you find the vector from one point to another?

. How do you find the dot product a + b of two vectors if you

know their lengths and the angle between them? What if
you know their components?

. How are dot products useful?

. Write expressions for the scalar and vector projections of b

onto a. [llustrate with diagrams.

. How do you find the cross product a X b of two vectors if

you know their lengths and the angle between them? What
if you know their components?

. How are cross products useful?

10.

(a) How do you find the area of the parallelogram deter-
mined by a and b?

(b) How do you find the volume of the parallelepiped
determined by a, b, and ¢?

. How do you find a vector perpendicular to a plane?

12.

How do you find the angle between two intersecting planes?

13.

14.
15.

16.

17.

18.

19.

20.

Write a vector equation, parametric equations, and sym-
metric equations for a line.

Write a vector equation and a scalar equation for a plane.

(a) How do you tell if two vectors are parallel?
(b) How do you tell if two vectors are perpendicular?
(c) How do you tell if two planes are parallel?

(a) Describe a method for determining whether three points
P, O, and R lie on the same line.

(b) Describe a method for determining whether four points
P, O, R, and S lie in the same plane.

(a) How do you find the distance from a point to a line?
(b) How do you find the distance from a point to a plane?
(c) How do you find the distance between two lines?

How do you sketch the graph of a function of two
variables?

Write equations in standard form of the six types of quadric
surfaces.

(a) Write the equations for converting from cylindrical to
rectangular coordinates. In what situation would you use
cylindrical coordinates?

(b) Write the equations for converting from spherical to
rectangular coordinates. In what situation would you use
spherical coordinates?



CHAPTER 9 REVIEW m 691

| TRUE-FALSE QuIZ

\

|

Determine whether the statement is true or false. If it is true, explain why.
If it is false, explain why or give an example that disproves the statement.

1.

= W N

. For any vectors u and v in V3,

For any vectorsuand vin Vs,u*v=v - u.

. For any vectorsuand vin Vs, u X v=v X u.

uXv|=|vXul

. For any vectors u and v in V5 and any scalar k,

k(u-v)=(ku) *v.

. For any vectors u and v in V3 and any scalar k,

k(u X v) = (ku) X v.

. For any vectors u, v, and w in V5,

u+v)Xw=uXw+vXw.

. For any vectors u, v, and w in V3,

u-(vxw=@xv)- w

-

©

For any vectors u, v, and w in V3,
uX (vxw=@uXv) Xw.

For any vectors w and vin V3, (u X v) - u = 0.

. For any vectorsuand vin Vi, (u + v) X v=u X v.
. The cross product of two unit vectors is a unit vector.

. A linear equation Ax + By + Cz + D = 0 represents a

line in space.

. The set of points {(x,y,z) |x> + y> = 1} is a circle.
. Ifu = (u, u) and v = (v, v2), thenu + v = (w0, us0,).
. Ifu-v=0,thenu=0orv=0.

. Ifuandvare in V3, then |u - v| < |u]|v].

{ EXERCISES

\

|

. (a) Find an equation of the sphere that passes through the

point (6, —2, 3) and has center (—1, 2, 1).

(b) Find the curve in which this sphere intersects the
yz-plane.

(c) Find the center and radius of the sphere

X+ +P—-8x+2y+62+1=0

. Copy the vectors in the figure and use them to draw each of

the following vectors.

(@a+b (b) a—b
(c) —3a d 2a+b
a
b

. If u and v are the vectors shown in the figure, find u - v and

|u X v|.Is u X v directed into the page or out of it?

luf=2

. Calculate the given quantity if

a=1i+j—2k
(a) 2a + 3b

b=3i-2j+k
(b) |b|

c=j— 5k

1.

(c)a-b (d aXhb
(e) |b X ¢ (f) a- (b Xc)
(@cXe (h) aX (b Xe¢)
(i) compa b (j) projab

(k) The angle between a and b (correct to the nearest
degree)

. Find the values of x such that the vectors (3, 2, x) and

(2x, 4, x) are orthogonal.

. Find two unit vectors that are orthogonal to both j + 2k

andi — 2j + 3k.

. Suppose that u - (v X w) = 2. Find

(@ WXv) - w
©) v (uXw

(b) u-(wXv
d (mXv):-v

. Show that if a, b, and ¢ are in V3, then

@axXb)-[(bXe)X(exXa]=[a-bXc)]

. Find the acute angle between two diagonals of a cube.

. Given the points A(1, 0, 1), B(2, 3,0), C(—1, 1, 4), and

D(0, 3, 2), find the volume of the parallelepiped with adja-
cent edges AB, AC, and AD.

(a) Find a vector perpendicular to the plane through the
points A(1, 0, 0), B(2, 0, —1), and C(1, 4, 3).
(b) Find the area of triangle ABC.

. A constant force F = 3i + 5j + 10k moves an object

along the line segment from (1, 0, 2) to (5, 3, 8). Find the
work done if the distance is measured in meters and the
force in newtons.
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13. A boat is pulled onto shore using two ropes, as shown in the
diagram. If a force of 255 N is needed, find the magnitude
of the force in each rope.

20° 255N
30°

14. Find the magnitude of the torque about P if a 50-N force is
applied as shown.

15-17 m Find parametric equations for the line.
15. The line through (4, —1, 2) and (1, 1, 5)

16. The line through (1, 0, —1) and parallel to the line
M- =ly=z+2

17. The line through (=2, 2, 4) and perpendicular to the
plane 2x — y + 5z = 12

18-21 =™ Find an equation of the plane.
18. The plane through (2, 1, 0) and parallel to x + 4y — 3z = 1
19. The plane through (3, —1, 1), (4, 0, 2), and (6, 3, 1)

20. The plane through (1, 2, —2) that contains the line x = 2¢,
y=3—tz=1+3¢

21. The plane through the line of intersection of the planes
x —z=1land y + 2z = 3 and perpendicular to the plane
x+ty—2z=1

22. Find the point in which the line with parametric equations
x =2 —1t,y=1 + 3t,z = 4t intersects the plane
2x —y+z=2.

23. Determine whether the lines given by the symmetric

equations
x—1 y—-2 z-3
2 3 4
x+1 y—3 z+5
and = =
6 -1 2

are parallel, skew, or intersecting.

24. (a) Show that the planes x + y — z = 1 and
2x — 3y + 4z = 5 are neither parallel nor perpendicular.
(b) Find, correct to the nearest degree, the angle between
these planes.

25. Find the distance between the planes 3x + y — 4z =2
and 3x + y — 4z = 24.

26. Find the distance from the origin to the line x = 1 + 1,
y=2—-tz=-1+21

27-28 m Find and sketch the domain of the function.
27. f(x,y) = xIn(x — y%)
28. f(x,y) = /sin m(x2 + y?)

29-32 m Sketch the graph of the function.
29. f(x,y) =6 —2x — 3y

30. f(x,y) =cosy

3. f(x,y) =4 — x* — 4y?

2. f(ry) = VA x - Ay

33-36 m Identify and sketch the graph of the surface. Include
several traces in your sketch.

33 Y2+ 22 =1 —4x? 4.y + 2 =x

35, P+ 2=1 36. y?+2=1+x?

37. The cylindrical coordinates of a point are (2\/5, /3, 2).
Find the rectangular and spherical coordinates of the point.

38. The rectangular coordinates of a point are (2, 2, —1). Find
the cylindrical and spherical coordinates of the point.

39. The spherical coordinates of a point are (8, 7/4, 7/6). Find
the rectangular and cylindrical coordinates of the point.

40. Identify the surfaces whose equations are given.

(@) 6= m/4 (b) ¢ =m/4

41-42 m Write the equation in cylindrical coordinates and in
spherical coordinates.

41, x> +y*+22=4 42, x> +y*=4

43. The parabola z = 4y x = 0 is rotated about the z-axis.
Write an equation of the resulting surface in cylindrical
coordinates.

44. Sketch the solid consisting of all points with spherical coor-
dinates (p, 6, ¢) such that 0 < 6 < 77/2,0 < ¢ < 7/6,
and 0 < p < 2 cos ¢.



1. Each edge of a cubical box has length 1 m. The box contains nine spherical balls with
the same radius r. The center of one ball is at the center of the cube and it touches the
other eight balls. Each of the other eight balls touches three sides of the box. Thus, the
balls are tightly packed in the box. (See the figure.) Find r. (If you have trouble with

1m this problem, read about the problem-solving strategy entitled Use analogy on page 86.)

2. Let B be a solid box with length L, width W, and height H. Let S be the set of all points
that are a distance at most 1 from some point of B. Express the volume of S in terms of
Im Im L, W, and H.

FIGURE FOR PROBLEM 1 3. Let Lbe_the line of intersection of the planes cx + y + z=candx — ¢y + cz = —1,
where c is a real number.
(a) Find symmetric equations for L.
(b) As the number ¢ varies, the line L sweeps out a surface S. Find an equation for the
curve of intersection of S with the horizontal plane z = ¢ (the trace of S in the
plane z = 7).
(c) Find the volume of the solid bounded by S and the planes z = 0 and z = 1.

4. A plane is capable of flying at a speed of 180 km/h in still air. The pilot takes off from
an airfield and heads due north according to the plane’s compass. After 30 minutes of
flight time, the pilot notices that, due to the wind, the plane has actually traveled 80 km
at an angle 5° east of north.

(a) What is the wind velocity?
(b) In what direction should the pilot have headed to reach the intended destination?

5. Suppose a block of mass m is placed on an inclined plane, as shown in the figure. The
block’s descent down the plane is slowed by friction; if 6 is not too large, friction will
prevent the block from moving at all. The forces acting on the block are the weight W,
where | W| = mg (g is the acceleration due to gravity); the normal force N (the normal
component of the reactionary force of the plane on the block), where | N | = n; and the
force F due to friction, which acts parallel to the inclined plane, opposing the direction
of motion. If the block is at rest and 6 is increased, | F | must also increase until ulti-
mately | F| reaches its maximum, beyond which the block begins to slide. At this angle

FIGURE FOR PROBLEM 5 6, it has been observed that | F | is proportional to . Thus, when | F | is maximal, we

can say that | F| = u,n, where p, is called the coefficient of static friction and depends

on the materials that are in contact.

(a) Observe that N + F + W = 0 and deduce that u, = tan 6.

(b) Suppose that, for 6 > 6, an additional outside force H is applied to the block,
horizontally from the left, and let | H | = h. If h is small, the block may still slide
down the plane; if / is large enough, the block will move up the plane. Let /i, be
the smallest value of / that allows the block to remain motionless (so that | F | is
maximal).

By choosing the coordinate axes so that F lies along the x-axis, resolve each
force into components parallel and perpendicular to the inclined plane and show
that

hminsin @ + mg cos = n and hmin cOS 6 + wsn = mg sin 0

(¢) Show that Nnin = mg tan(6 — 6;)

Does this equation seem reasonable? Does it make sense for § = 6,? As 6 — 90°?
Explain.

(d) Let hnax be the largest value of 4 that allows the block to remain motionless.
(In which direction is F heading?) Show that

Nmax = mg tan(0 + 0)

Does this equation seem reasonable? Explain.
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Vector Functions

Image not available due to copyright restrictions

The functions that we have been using so far have been real-valued
functions. We now study functions whose values are vectors because such
functions are needed to describe curves and surfaces in space. We will also
use vector-valued functions to describe the motion of objects through space.
In particular, we will use them to derive Kepler's laws of planetary motion.

Image not available due to copyright restrictions




=m [flim,_,r(r) = L, this definition is
equivalent to saying that the length and direc-
tion of the vector r() approach the length
and direction of the vector L.

10.1/ Vector Functions and Space Curves

In general, a function is a rule that assigns to each element in the domain an element
in the range. A vector-valued function, or vector function, is simply a function whose
domain is a set of real numbers and whose range is a set of vectors. We are most inter-
ested in vector functions r whose values are three-dimensional vectors. This means
that for every number ¢ in the domain of r there is a unique vector in V; denoted by
r(z). If f(z), g(z), and h(r) are the components of the vector r(r), then f, g, and h are
real-valued functions called the component functions of r and we can write

r(t) = (f(), 90, h(1)) = D) i+ g(1)j + h() k

We use the letter ¢ to denote the independent variable because it represents time in
most applications of vector functions.

EXAMPLE 1 If
r() = (A, In3 — 0, V1)
then the component functions are
f@=r g() =1n(3 — 1) W) =/t

By our usual convention, the domain of r consists of all values of # for which the
expression for r(¢) is defined. The expressions #3, In(3 — 1), and /7 are all defined
when 3 — ¢ > 0 and ¢ = 0. Therefore, the domain of r is the interval [0, 3). EE

The limit of a vector function r is defined by taking the limits of its component
functions as follows.

[1] Ifr(t) = (f(1), g(), h(t)), then
lim r(z) = <}Lm f(@), lim g(z), lim h(t))

provided the limits of the component functions exist.

Limits of vector functions obey the same rules as limits of real-valued functions
(see Exercise 39).

sin ¢

EXAMPLE 2 Find 11113 r(f), wherer(t) = (1 + )i + te'j + k.

SOLUTION According to Definition 1, the limit of r is the vector whose components
are the limits of the component functions of r:

lim r(z)
1—0 1—0 =0t

sin ¢
[lim(l + t3)]i + [lirn te"]j + [lim ]k
t—0
=i+Kk (by Equation 3.4.2) ER
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x r(t) = (f(1).g(t), h(t)y Y

FIGURE 1
C is traced out by the tip of a moving
position vector r(f).

(V]

Visual 10.1A shows several curves
1 being traced out by position vectors,
including those in Figures 1 and 2.

FIGURE 2

A vector function r is continuous at a if
lim r(f) = r(a)
t1—a

In view of Definition 1, we see that r is continuous at a if and only if its component
functions f, g, and & are continuous at a.

There is a close connection between continuous vector functions and space curves.
Suppose that f, g, and & are continuous real-valued functions on an interval /. Then
the set C of all points (x, y, z) in space, where

[2] x=f@1 y=9O z=h@

and ¢ varies throughout the interval /, is called a space curve. The equations in (2) are
called parametric equations of C and 7 is called a parameter. We can think of C as
being traced out by a moving particle whose position at time ¢ is (f(¢), g(¢), h(¢)). If
we now consider the vector function r() = { f(¢), g(2), h(z)), then r(z) is the position
vector of the point P(f(f), g(z), h(r)) on C. Thus, any continuous vector function r
defines a space curve C that is traced out by the tip of the moving vector r(z), as shown
in Figure 1.

EXAMPLE 3 Describe the curve defined by the vector function
r())=(1 +1t,2+5,—1+61)
SOLUTION The corresponding parametric equations are
x=1+1¢t y=2+ 5t z=—1+6¢

which we recognize from Equations 9.5.2 as parametric equations of a line passing
through the point (1, 2, —1) and parallel to the vector (1, 5, 6). Alternatively, we
could observe that the function can be written as r = ry + tv, wherero = (1,2, —1)
and v = (1,5, 6), and this is the vector equation of a line as given by Equation 9.5.1.
ER

Plane curves can also be represented in vector notation. For instance, the curve
given by the parametric equations x = t*> — 2rand y =  + 1 (see Example 1 in Sec-
tion 1.7) could also be described by the vector equation

r() = =26t + 1) = —-20i+ @+ 1)j
where i = (1,0) and j = (0, 1).

EXAMPLE 4 Sketch the curve whose vector equation is
r(f) = costi +sintj + rk
SOLUTION The parametric equations for this curve are
X =cost y =sint z=1

Since x? + y? = cos’t + sin’t = 1, the curve must lie on the circular cylinder

x? + y* = 1. The point (x, y, z) lies directly above the point (x, y, 0), which moves
counterclockwise around the circle x* + y* = 1 in the xy-plane. (See Example 2

in Section 1.7.) Since z = ¢, the curve spirals upward around the cylinder as ¢
increases. The curve, shown in Figure 2, is called a helix. rr



FIGURE 3

== Figure 4 shows the line segment PQ in
Example 5.

0(2,-1,3)

FIGURE 4
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The corkscrew shape of the helix in Example 4 is familiar from its occurrence in
coiled springs. It also occurs in the model of DNA (deoxyribonucleic acid, the genetic
material of living cells). In 1953 James Watson and Francis Crick showed that the
structure of the DNA molecule is that of two linked, parallel helices that are inter-
twined as in Figure 3.

In Examples 3 and 4 we were given vector equations of curves and asked for a geo-
metric description or sketch. In the next two examples we are given a geometric descrip-
tion of a curve and are asked to find parametric equations for the curve.

EXAMPLE 5 Find a vector equation and parametric equations for the line segment that
joins the point P(1, 3, —2) to the point Q(2, —1, 3).

SOLUTION In Section 9.5 we found a vector equation for the line segment that joins
the tip of the vector ry to the tip of the vector r;:

r(f) = (1 — Hry + tr, 0sr=<1
(See Equation 9.5.4.) Here we take ro = (1,3, —2) and r; = (2, —1, 3) to obtain a
vector equation of the line segment from P to Q:

r()= (1 —1 (1,3, =2) +t(2,—1,3) 0sr=<1
or r(t) = (1 + 1,3 — 41, =2 + 5¢) 0sr=<1
The corresponding parametric equations are
x=1+1¢ y=3—4¢ z=—-2+5¢ O0=sr=1 ER

EXAMPLE 6 Find a vector function that represents the curve of intersection of the
cylinder x* + y? = 1 and the plane y + z = 2.

SOLUTION Figure 5 shows how the plane and the cylinder intersect, and Figure 6
shows the curve of intersection C, which is an ellipse.

y+z=2 0,—1,3)

(—1,0,2)

(1,0,2)

RS
RS

RS

N
ey
ey

\“\‘
R

K
B

FIGURE 5 FIGURE 6
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FIGURE 7 A toroidal spiral

4
X 4 % ; >*
J

FIGURE 8 A trefoil knot

The projection of C onto the xy-plane is the circle x* + y? = 1,z = 0. So we
know from Example 2 in Section 1.7 that we can write

X = cost y=sint O0=st=27w
From the equation of the plane, we have
z=2—y=2—sint
So we can write parametric equations for C as
X =cost y =sint z=12—sint O0st=27w
The corresponding vector equation is
r(f) =costi+sintj+ (2 —sinnk 0<r<2mw

This equation is called a parametrization of the curve C. The arrows in Figure 6
indicate the direction in which C is traced as the parameter ¢ increases. EE

!: Using Computers to Draw Space Curves

Space curves are inherently more difficult to draw by hand than plane curves; for an
accurate representation we need to use technology. For instance, Figure 7 shows a
computer-generated graph of the curve with parametric equations

x = (4 + sin 20¢) cos ¢ y = (4 + sin 207) sin ¢ z = cos 20t

It’s called a toroidal spiral because it lies on a torus. Another interesting curve, the
trefoil knot, with equations

x = (2 + cos 1.5¢) cos ¢ y = (2 + cos 1.51) sin ¢ z = sin 1.5t

is graphed in Figure 8. It wouldn’t be easy to plot either of these curves by hand.

Even when a computer is used to draw a space curve, optical illusions make it dif-
ficult to get a good impression of what the curve really looks like. (This is especially
true in Figure 8. See Exercise 40.) The next example shows how to cope with this
problem.

EXAMPLE 7 Use a computer to draw the curve with vector equation r(¢) = (t, 1%, 1% ).
This curve is called a twisted cubic.

SOLUTION We start by using the computer to plot the curve with parametric equations
x=1ty=1t%z=1 for =2 < t < 2. The result is shown in Figure 9(a), but it’s hard
to see the true nature of the curve from that graph alone. Most three-dimensional
computer graphing programs allow the user to enclose a curve or surface in a box
instead of displaying the coordinate axes. When we look at the same curve in a box
in Figure 9(b), we have a much clearer picture of the curve. We can see that it
climbs from a lower corner of the box to the upper corner nearest us, and it twists as
it climbs.
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FIGURE 9 Views of the twisted cubic

In Visual 10.1B you can rotate the box
@. in Figure 9 to see the curve from any

. viewpoint.

FIGURE 10

Visual 10.1C shows how curves arise
] . .
2 A as intersections of surfaces.

FIGURE 11
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6
z 0
0 X
y? 4 2
(©)
8 8
4 4
z 0 z 0
—4 —4
-8 -8
2 1 0 -1 -2 0 1 2 3 4
X y

We get an even better idea of the curve when we view it from different vantage
points. Part (c) shows the result of rotating the box to give another viewpoint. Parts
(d), (e), and (f) show the views we get when we look directly at a face of the box.
In particular, part (d) shows the view from directly above the box. It is the projec-
tion of the curve on the xy-plane, namely, the parabola y = x2. Part (e) shows the
projection on the xz-plane, the cubic curve z = x°. It’s now obvious why the given
curve is called a twisted cubic. ER

Another method of visualizing a space curve is to draw it on a surface. For in-
stance, the twisted cubic in Example 7 lies on the parabolic cylinder y = x2 (Eliminate
the parameter from the first two parametric equations, x = ¢ and y = ¢*.) Figure 10
shows both the cylinder and the twisted cubic, and we see that the curve moves
upward from the origin along the surface of the cylinder. We also used this method in
Example 4 to visualize the helix lying on the circular cylinder (see Figure 2).

A third method for visualizing the twisted cubic is to realize that it also lies on the
cylinder z = x*. So it can be viewed as the curve of intersection of the cylinders
y = x*and z = x*. (See Figure 11.)

LT
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== Some computer algebra systems provide
us with a clearer picture of a space curve by
enclosing it in a tube. Such a plot enables us
to see whether one part of a curve passes in
front of or behind another part of the curve.
For example, Figure 13 shows the curve of
Figure 12(b) as rendered by the tubeplot
command in Maple.

t
(a) r(t) = (t—sint, 1 —cost, t)

FIGURE 12

We have seen that an interesting space curve, the helix, occurs in the model of
DNA. Another notable example of a space curve in science is the trajectory of a posi-
tively charged particle in orthogonally oriented electric and magnetic fields E and B.
Depending on the initial velocity given the particle at the origin, the path of the par-
ticle is either a space curve whose projection on the horizontal plane is the cycloid we
studied in Section 1.7 [Figure 12(a)] or a curve whose projection is the trochoid inves-
tigated in Exercise 36 in Section 1.7 [Figure 12(b)].

t

(b) r(t) = (t— %sin t,1— %cos t, 1)

FIGURE 13

Motion of a charged particle in orthogonally oriented electric and magnetic fields

10.1

Exercises

For further details concerning the physics involved and animations of the trajecto-
ries of the particles, see the following web sites:

o lompado.uah.edu/Links/CrossedFields.html
o www.phy.ntnu.edu.tw/java/emField/emField.html

o www.physics.ucla.edu/plasma-exp/Beam/

1=2 ™ Find the domain of the vector function.

1. r(r) = (zz, V= 1,45 — t>
t—2

2. r(t)zt+2

3-4 m Find the limit.

3. lim (cost,sint, tInt)
t—0

. In ¢
4, lim <arctan t,e e
e

i+sinsj+1In09 — Ak

9. r(r) = (1,cost,2sint) 10. r(r) = ¢%i + tj + 2k
1. r(t) =i + t*j + 1°k

12. v(r) = costi — costj + sintk

13-16 ™ Find a vector equation and parametric equations for
the line segment that joins P to Q.

13. P(0,0,0), O(1,2,3)
15. P(1,—1,2), 04, 1,7)
16. P(—2,4,0), 06, —1,2)

14. P(1,0,1), 0(2,3,1)

17-22 m Match the parametric equations with the graphs

5-12 m Sketch the curve with the given vector equation. Indi-
cate with an arrow the direction in which ¢ increases.

6. r(r) = (,1*)
8. r(r) = (1 + 13t —1t)

5. r(r) = (sint, 1)

7. r(t) = (1, cos 2t, sin 2t)

(labeled I-VI). Give reasons for your choices.

17. x =cos4t, y=t z=sin4t

18. x=1, y=1t> z=¢"


www.phy.ntnu.edu.tw/java/emField/emField.html
www.physics.ucla.edu/plasma-exp/Beam/

2

19.x=1t y=1/0+1), z=t
20. x=¢"cos10t, y=¢ "'sinl0t, z=¢"'
21. x=cost, y=sint, z=sin5¢
22. x =cost, y=sint, z=Int
1 z 11 z
=
x y X ww
11 z v z
—
X/ ’
e

<

23.

24,

25.

y

Show that the curve with parametric equations x = 7 cos t,
y = tsint, z = t lies on the cone z2 = x> + y?, and use this
fact to help sketch the curve.

Show that the curve with parametric equations x = sin ¢,
y = cos t, z = sin’t is the curve of intersection of the
surfaces z = x? and x* + y* = 1. Use this fact to help
sketch the curve.

At what point does the curve r(f) = ti + (2¢ — ¢*) k inter-
sect the paraboloid z = x* + y??

/A4 26-28 m Use a computer to graph the curve with the given vec-
tor equation. Make sure you choose a parameter domain and
viewpoints that reveal the true nature of the curve.

26.
27.
28.

29.

r() = {t* —1*+ 1,1, 1)
r() = (2 Vi— 1,35 —1)

r(r) = (sin t, sin 2¢, sin 3t)

Graph the curve with parametric equations

x= (1 + cos 161) cost,y = (1 + cos 167) sint,

z =1 + cos 16¢. Explain the appearance of the graph by
showing that it lies on a cone.

30.

3L
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Graph the curve with parametric equations

x =+/1 — 0.25 cos?10¢t cos t
y=4/1 — 0.25 cos?10¢ sin t
z = 0.5 cos 10t

Explain the appearance of the graph by showing that it lies
on a sphere.

Show that the curve with parametric equations x = %,
y =1 —3t,z =1+ ¢ passes through the points (1, 4, 0)
and (9, —8, 28) but not through the point (4, 7, —6).

32-34 m Find a vector function that represents the curve of
intersection of the two surfaces.

32.
33.
34.

o 35.

¥ 36.

37.

38.

39.

The cylinder x* + y? = 4 and the surface z = xy
The cone z = /x2 + y? and the planez =1 + y

The paraboloid z = 4x* + y? and the parabolic cylinder
2
y=x

Try to sketch by hand the curve of intersection of the circu-
lar cylinder x* + y? = 4 and the parabolic cylinder z = x°.
Then find parametric equations for this curve and use these
equations and a computer to graph the curve.

Try to sketch by hand the curve of intersection of the
parabolic cylinder y = x? and the top half of the ellipsoid
x* 4+ 4y* + 4z% = 16. Then find parametric equations for
this curve and use these equations and a computer to graph
the curve.

If two objects travel through space along two different
curves, it’s often important to know whether they will col-
lide. (Will a missile hit its moving target? Will two aircraft
collide?) The curves might intersect, but we need to know
whether the objects are in the same position at the same
time. Suppose the trajectories of two particles are given by
the vector functions

r(t) = (2,7t — 12,1*) () = (4t — 3,¢* 5t — 6)
for t = 0. Do the particles collide?
Two particles travel along the space curves

@ =(t5) rnl=(a+21+6t1+ 14¢1)
Do the particles collide? Do their paths intersect?

Suppose u and v are vector functions that possess limits as
t — a and let ¢ be a constant. Prove the following prop-
erties of limits.

(a) hin [u(®) + v(»] = ILm u(t) + }En 0]
(b) 1211 cu(t) =c }gn u(r)
(©) }gﬂ [u(®) - v()] = }gn u(r) }gn v(?)

(d) lim [u(?) X v(f)] = lim u(¢) X lim v(z)
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40. The view of the trefoil knot shown in Figure 8 is accurate, has polar coordinates r = 2 + cos 1.5tand 6 = ¢, so r
but it doesn’t reveal the whole story. Use the parametric varies between 1 and 3. Then show that z has maximum and
equations minimum values when the projection is halfway between

r=1andr=3.

x = (2 + cos 1.51) cos t y = (2 + cos 1.50) sin /A9 When you have finished your sketch, use a computer to
» = sin 1.5¢ draw the curve with viewpoint directly above and compare
with your sketch. Then use the computer to draw the curve
to sketch the curve by hand as viewed from above, with from several other viewpoints. You can get a better impres-
gaps indicating where the curve passes over itself. Start by sion of the curve if you plot a tube with radius 0.2 around
showing that the projection of the curve onto the xy-plane the curve. (Use the tubeplot command in Maple.)

10.2

Ite

Derivatives and Integrals of Vector Functions

Visual 10.2 shows an animation of
Figure 1.

FIGURE 1

Later in this chapter we are going to use vector functions to describe the motion of
planets and other objects through space. Here we prepare the way by developing the
calculus of vector functions.

L . .
»m Derivatives

The derivative r’ of a vector function r is defined in much the same way as for real-
valued functions:

e r(t+h) —r()
= P

if this limit exists. The geometric significance of this definition is shgwn in Figure 1.
If the points P and Q have position vectors r(f) and r(z + h), then PQ represents the
vector r(t + h) — r(z), which can therefore be regarded as a secant vector. If 4 > 0,
the scalar multiple (1/k)(r(r + k) — r(z)) has the same direction as r(z + h) — r(r).
As h — 0, it appears that this vector approaches a vector that lies on the tangent line.
For this reason, the vector r'(f) is called the tangent vector to the curve defined by r
at the point P, provided that r'(z) exists and r'(r) # 0. The tangent line to C at P is
defined to be the line through P parallel to the tangent vector r'(r). We will also have
occasion to consider the unit tangent vector, which is

r'(1)
[x'(r) |

T() =

(a) The secant vector (b) The tangent vector
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r r
[2] r() = (f(0),9(0), (1)) =fOi+ g(0)j + h®Hk fg

r'() = (0,90, h'(0) =f i+ g'@Oj+h0Ok

r'(r) = AIIiLnOALt [r(t + Ar) — r(1)]

= Al;goﬁuf(r + A0, gt + AD, bt + AD) = (1), 9(0), b)) ]

. < S+ A = f() gt + AD) — g(t) h(t + Ap) — h(t)>

At—0 At ’ At ’ At
< e+ A) —f0) g+ A —g() . h(t+ A — h(t>>
= ( lim , lim , lim
Ar—0 At At—0 At Ar—0 At
= (f'(1), g'(t), K'(1)) e
r()) = (1 + £3)i+ te”'j + sin 2tk
t=20
r'() =31+ (1 — e 'j + 2cos 2tk
r(0) =i r'0) =j + 2k (1,0,0)
r'0)  j+2k 1. 2
TO) = — —— = =—j+—k
o) Jits BT Em

r)=ii+ 2 -1j r'(t)
r(1) r'(1)

1 1
r’(t)=2\/;i—j and r’(1)=3i—j

x=\/;y=2—t y=2-x*x=0
r(l)=i+j r'(1)
(L1

ER
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EXAMPLE 3 Find parametric equations for the tangent line to the helix with para-
metric equations
x =2cost y=sint z=1
at the point (0, 1, 7/2).

SOLUTION The vector equation of the helix is r() = (2 cos ¢, sin t, t), so
r'(f) = (—2sint, cost, 1)

The parameter value corresponding to the point (0, 1, 7/2) is t = /2, so the tan-
gent vector there is r'(7/2) = (=2, 0, 1). The tangent line is the line through

(0, 1, 7/2) parallel to the vector {(—2, 0, 1), so by Equations 9.5.2 its parametric
equations are

T
x = —2t y=1 z=-—+1t
2
12
= = The helix and the tangent line in Example 3 8
are shown in Figure 3. z
4
-2
-1 _ 0 X
0.5
FIGURE 3 yO 05 T2 Em
== |n Section 10.4 we will see how r'(¢) and Just as for real-valued functions, the second derivative of a vector function r is the
1" (7) can be interpreted as the velocity and derivative of r’, that is, r” = (r’)’. For instance, the second derivative of the function

acceleration vectors of a particle moving

) i, in Example 3 is
through space with position vector r(z) at

time . r’(1) = (—2cost, —sint, 0)
A curve given by a vector function r(¢) on an interval [ is called smooth if r’ is
continuous and r'(r) # 0 (except possibly at any endpoints of 7). For instance, the
helix in Example 3 is smooth because r'(z) is never 0.
y EXAMPLE 4 Determine whether the semicubical parabola r() = (1 + £3, %) is
smooth.
C‘TP SOLUTION Since
ol x r'(t) = (3¢% 2t)
we have r'(0) = (0, 0) = 0 and, therefore, the curve is not smooth. The point that
FIGURE 4 corresponds to t = 0 is (1, 0), and we see from the graph in Figure 4 that there is a
The curve r(r) =1+ 3, 1%) sharp corner, called a cusp, at (1, 0). Any curve with this type of behavior—an
is not smooth. abrupt change in direction—is not smooth. ER

A curve, such as the semicubical parabola, that is made up of a finite number of
smooth pieces is called piecewise smooth.
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g: Differentiation Rules

The next theorem shows that the differentiation formulas for real-valued functions
have their counterparts for vector-valued functions.

[3] Theorem Suppose u and v are differentiable vector functions, c is a scalar,
and f is a real-valued function. Then

1) + v0] = w0 + V)

2. < leu(0] = cu()

5. <LLAOu(] = /0ut) + fOu)

. T ¥(O] = W) -0 + () V)

5. % [u(@) X v(0)] = w'(®) X v(@) + u(®) X v'(2)

b L fuy0)] = FOW@) i

This theorem can be proved either directly from Definition 1 or by using Theorem
2 and the corresponding differentiation formulas for real-valued functions. The proof of
Formula 4 follows; the remaining proofs are left as exercises.

Proof of Formula 4 Let

u(®) = (fi(0), £, f5(1)) V(1) = (g1(1), g2(1), g5(1))
Then u(®) - v(1) = fil)gi(t) + £(D)ga(0) + fi(D)gs(t) = gl fi0)gi(1)

so the ordinary Product Rule gives

S g0 = 3 4

d
0 [u(®) - v(1)] = o dt

Lfi(0)gi(1)]

t

w ng_

i

1 Lf/(0gi(1) + fi(D)gi(1)]

= X fl0g() + gﬁmg;m
=u'(t) - v() +ul) - v'(0) BB

EXAMPLE 5 Show that if | r(s) | = ¢ (a constant), then r'(¢) is orthogonal to r(z) for
all z.

SOLUTION Since
r(@ (@) = |r())? = ¢?
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and c¢? is a constant, Formula 4 of Theorem 3 gives
d
0= [r(0) (0] = £() - x() + x() - ') = 26°0) - x(0)

Thus, r'(z) - r(r) = 0, which says that r'(¢) is orthogonal to r(z).
Geometrically, this result says that if a curve lies on a sphere with center the origin,
then the tangent vector r'(¢) is always perpendicular to the position vector r(z). B ¥

= : Integrals

The definite integral of a continuous vector function r(z) can be defined in much the
same way as for real-valued functions except that the integral is a vector. But then we
can express the integral of r in terms of the integrals of its component functions f, g,
and £ as follows. (We use the notation of Chapter 5.)

j P ey di = tim S v(¥) Ar

—w
a n i=1

= lim [(if(ti*) At) i+ <E g(t") At)j + (E h(t") At) k]

and so

Lb r(1) di = < Lh 1) d;) i+ ( Lb g(1) dt) i+ ( f:’ h(t) dt) K

This means that we can evaluate an integral of a vector function by integrating each
component function.

We can extend the Fundamental Theorem of Calculus to continuous vector func-
tions as follows:

[/ v ar = RO, = RO) ~ R(@)

where R is an antiderivative of r, that is, R'(f) = r(r). We use the notation | r(z) dt for
indefinite integrals (antiderivatives).

EXAMPLE 6 If r(r) = 2 costi + sintj + 2t Kk, then

jr(t)dtz <j200$tdt>i+ (f sintdt)j + (f 2tdr>k
=2sinti —costj + 1’k + C

where C is a vector constant of integration, and

2

/2 _ . s . 2 77-/2= . . l
jo r(t)dt—[Zsmtl costJ-l—tk]O 2i +j+ 7 k .
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1. The figure shows a curve C given by a vector function r(7).
(a) Draw the vectors r(4.5) — r(4) and r(4.2) — r(4).
(b) Draw the vectors

r(4.5) — r4) r(4.2) — r4)
— - n —_—
05 A 0.2
(¢c) Write expressions for r'(4) and the unit tangent

vector T(4).
(d) Draw the vector T(4).

y
C R
r(4.5)
Ly 0
r4.2)
P
r(4)
0 ; X

2. (a) Make a large sketch of the curve described by the vector
function r(f) = (>, ¢), 0 < t < 2, and draw the vectors
r(l), r(1.1), and r(1.1) — r(1).
(b) Draw the vector r'(1) starting at (1, 1) and compare it
with the vector

r(1.1) — r(1)
0.1

Explain why these vectors are so close to each other in
length and direction.

3-8 m

(a) Sketch the plane curve with the given vector equation.

(b) Find r'(z).

(¢) Sketch the position vector r(7) and the tangent vector r'(¢)
for the given value of ¢.

Lr)=(—-2,2+1), t=-1
4.r(=(1+0r), t=1

5. r(t) =sinti+ 2costj, t=w/4
6. rt) =e'it+te’j t=0

I.r( =e'i+e*j, t=0

8

. r(t) = (1 + cost)i+ 2 +sinn)j, t= /6

9-14 m Find the derivative of the vector function.

9. r() = (1 — 1. Vr)
Mr@)=ei—j+In(l+3)k

10. r(r) = {(cos 3¢, ¢, sin 3t)

Y
<]

12. r(s) = atcos 3ti + bsin’tj + ccos’tk
13. r() =a+1tb + t*c
4. r) =raXxX (b +tc)

15-16 ™ Find the unit tangent vector T(z) at the point with the
given value of the parameter ¢.

15. r(r) = cos ti + 3tj + 2 sin2tk, t=0
16. r(r) = 2sinti + 2costj + tantk, t= w/4

17. If r(r) = (¢, ¢% t*), find r'(¢), T(1), r"(¢), and r'(z) X r"(1).
18. If r(r) = (e*, e %, te?'), find T(0), r"(0), and r'(¢) - r"().
19-22 m Find parametric equations for the tangent line to the
curve with the given parametric equations at the specified point.
19. x=1¢, y=1¢* z=1t% (1,1, 1)

2. x=>—1, y=t*+1, z=t+1; (—1,1,1)

21. x = e ' cost, z=-¢e¢" (1,0,1)

22. x=1Int, y=2t, z=1% (0,2,1)

y=-e "sint,

23-24 m Find parametric equations for the tangent line to the

curve with the given parametric equations at the specified point.
Illustrate by graphing both the curve and the tangent line on a
common screen.

2. x=t,y=e¢ ', z=2t—1* (0,1,0)
24. x =2cost, y=2sint, z= 4cos2t; (\/g, 1,2)

25. Determine whether the curve is smooth.
(@) r(r) = (£t 1) b) r(t) = (£ + 1,1t ¢)
(c) r(t) = (cos’, sin’t)
26. (a) Find the point of intersection of the tangent lines to the
curve r(r) = (sin 7t, 2 sin 71, cos 7rt) at the points
where t = 0 and t = 0.5.
(b) Illustrate by graphing the curve and both tangent lines.

27. The curves r(t) = {t,t% t*) and ry(t) = (sint, sin 2¢, t)
intersect at the origin. Find their angle of intersection
correct to the nearest degree.

28. At what point do the curves ri(f) = (¢, 1 — #,3 + ¢*) and
ry(s) = (3 — 5,5 — 2, s%) intersect? Find their angle of
intersection correct to the nearest degree.

29-34 m Evaluate the integral.

29. L‘ (16831 — 92 + 25¢*K) dr

1 4 2t
. j -+
30 (<1+t2'] 1+t2k)dt

JO



708

31

32.

33
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w2 . . . .
. J. (3sin’tcos ti + 3sintcos’tj + 2sintcostk)dt
0

[12 (i + 1/t — 1j + sin mt k) dr

3 j(e’i+2tj + IntKk) dt

42.

43.

If u and v are the vector functions in Exercise 41, find

(d/dt) [u(r) X v(1)].

Show that if r is a vector function such that r” exists, then

% [r() X r'()] = r(t) X ¥"(2)

34. ti+sinwtj+ rKk)dt d
[ (cos arti + sin 7t § ) 44. Find an expression forE [u(®) « (v(r) X w(1)].
35. Find r(r) if r'(r) = 2¢i + 3£%j + Vt kand r(1) =i + j. d 1
45. If r(r) # 0, show that — |r()) | = ——r(®) - r'()).
36. Findr()ifr'(t) =ti +e'j + te'’kandr(0) =i + j + k. dt | () |
37. Prove Formula 1 of Theorem 3. [Hint: [x(@) [* = r() - r(n)]
38. Prove Formula 3 of Theorem 3. 46. If a curve has the property that the position vector r(z) is
39. Prove Formula 5 of Theorem 3. always perpendicular to the .tangent vector r.’('t), show that
the curve lies on a sphere with center the origin.
40. Prove Formula 6 of Theorem 3.
47. If u(®) = r(?) - [r'(r) X r"(¢)], show that
M. Tfu@) =i— 22§ + 3k and u(®) = r(@) - [r'e) X r"(@)}, show tha
V(1) =ti+ costj + sintKk, find (d/df) [u(z) - v(2)]. u'() =r@) - [r'() Xr"@)]
10.3| Arc Length and Curvature
In Section 6.3 we defined the length of a plane curve with parametric equations x = f(7),
y = ¢(t), a < t < b, as the limit of lengths of inscribed polygons and, for the case
where f’ and g’ are continuous, we arrived at the formula
b b dx \? dy \?
L=f 0] + ’tzdt=f — | (=) at
m IFOr T a= [\ (5) (G
z The length of a space curve is defined in exactly the same way (see Figure 1).
Suppose that the curve has the vector equation r(r) = { f(2), g(¢), h(t)),a < t < b, or,
equivalently, the parametric equations x = f(¢), y = ¢(1), z = h(1), where f’,¢’, and h’'
are continuous. If the curve is traversed exactly once as ¢ increases from a to b, then
it can be shown that its length is
0
b ! ! !
;@ L= [ VIFOF + [gOF + WOF di
X
2 2 2
FIGURE 1 =f”\/ﬂ AR N A
The length of a space curve is the limit a dr dr dr

of lengths of inscribed polygons.

Notice that both of the arc length formulas (1) and (2) can be put into the more

compact form

3]

L= fb | x'(r) | dt




== Figure 2 shows the arc of the helix
whose length is computed in Example 1.

z

(1,0,0)

X

FIGURE 2

== Pigcewise-smooth curves were
introduced on page 704.

FIGURE 3
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because, for plane curves r(r) = f(r)i + ¢(7) j,
@] =fOi+ g0 =VIfOF + g0
whereas, for space curves r(¢) = f(1)i + g(1)j + h()k,

Y@ = |fOi+g©0j+ 0Okl =VIFOF+[gOF + [F0]

EXAMPLE 1 Find the length of the arc of the circular helix with vector equation
r(f) = costi + sintj + ¢k from the point 